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Abstract We studied global nonaxisymmetric hydro-
dynamic instabilities in an extensive collection of hot,
self-gravitating polytropic disk systems, systems that
covered a wide expanse of the parameter space relevant
to protostellar and protoplanetary systems. We exam-
ined equilibrium disk models varying three parameters:
the ratio of the inner to outer equatorial radii, the ratio
of star mass to disk mass, and the rotation law exponent
q. We took the polytropic index n = 1.5 and examined
the exponents q = 1.5 and 2, and the transitional one
q = 1.75. For each of these sets of parameters, we ex-
amined models with inner to outer radius ratios from
0.1 to 0.75, and star mass to disk mass ratios from 0
to 103. We numerically calculated the growth rates
and oscillation frequencies of low-order nonaxisymmet-
ric disk modes, modes with azimuthal dependence ∝
eimφ. Low-m modes are found to dominate with the
character and strength of instability strongly dependent
on disk self-gravity. Representatives of each mode type
are examined in detail, and torques and mass transport
rates are calculated.
1 INTRODUCTION
Star formation takes place in Giant Molecular clouds
where collapse of small embedded cloud cores is trig-
gered by external mechanisms such as shock waves or
stellar winds. For nonrotating cloud cores, our un-
derstanding of the star formation process is well in-
hand. However, it is clear that in general, rotation
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must be taken into account. Observations show that
molecular cloud cores typically have specific angular
momenta ∼ 1021−22 cm2 s−1 (e.g., see Tohline 2002).
Clouds with such high specific angular momenta can-
not collapse directly into stars. Only a few percent of
the cloud matter, that nearest the rotation axis, goes
directly into the formation of the central object; the
rest forms a massive circumstellar disk (e.g., see Shu,
Adams, & Lizano 1987, Tohline 2002). Star formation
thus hinges on how mass from the disk finds its way
onto the nascent star. Molecular viscosity as a mech-
anism is ineffective at transport of angular momentum
in astrophysical disks. Other mechanisms are needed
to enhance transport above that which results from
binary particle collisions (Armitage 2011). Hydrody-
namic and/or magnetohydrodynamic nonaxisymmetric
instabilities have been proposed as ways to supply the
needed dissipation, either directly through wave trans-
port or indirectly as mechanisms that generate turbu-
lence which supplies the needed effective viscosity (Bal-
bus & Hawley 1998). We model the redistribution of an-
gular momentum through global nonaxisymmetric hy-
drodynamic instabilities in this and follow-up papers.
Recent reviews of the fluid mechanics involved in young
stellar objects by Shariff (2009) and Armitage (2011)
include summaries of observed characteristics of vari-
ous classes of objects, as well as discussions of various
mechanisms involved, focusing on magnetic field effects,
radiation transport and turbulence.
The stability of nonmagnetic disks has been of inter-
est since the late nineteenth century when Dyson (1893)
first investigated what he called anchor rings. As with
many systems in physics, the stability analyses began
with simplified models, adding increasing complexity
over time. Serious attempts at the stability analysis of
non-self-gravitating thick disks began with Papaloizou
& Pringle (1984, 1985) who studied isentropic disks
with power law differential rotation. They made the
2important discovery that disks may be dynamically un-
stable to global nonaxisymmetric modes with azimuthal
dependence given by eimφ. For the special cases of
a thin cylindrical shell and a thin isothermal ring, a
threshold of instability was found for low-m modes and
slender tori such that disks were found to be unstable
for a range of angular momentum profiles. For disks
with power law angular rotation distributions with ex-
ponent q, Kelvin-Helmholtz-like instabilities were found
to dominate disks for low q while sonic instability dom-
inates systems near a constant specific angular momen-
tum profile, q = 2. These sonic instabilities were later
named P modes. Papaloizou & Pringle (1987) subse-
quently performed work on higher order modes, study-
ing modes trapped near the inner and outer disk bound-
aries by an evanescent region around corotation, modes
for which the fluid speed equals the speed of the per-
turbation. Kojima (1986, 1989) further analyzed non-
self-gravitating isentropic thick disks for q = 2 and n
= 0, 1.5, and 3.0, where n is the polytropic index. Ko-
jima found the disks were unstable for almost all cases
calculated and that the growth rate decreased for ei-
ther sufficiently large or small radial widths, and also
decreased with decreasing q. The growth rates showed
little dependence on compressibility, with only small
differences between his n = 1.5 and n = 3.0 calcula-
tions.
The effect of self-gravity was first included in the an-
alytic and numerical investigations of long wavelength
modes found in slender, incompressible tori by Goldre-
ich, Goodman & Narayan (1986). Their theory used
a thin ribbon approximation to investigate the two-
dimensional incompressible limit of the narrow torus.
They showed that two new modes emerged, one with
corotation at the density maximum, called the J mode
(for the Jeans instability) and a second with corotation
outside the ribbon, called the I mode (intermediate be-
tween P and J modes). Goodman & Narayan (1988)
further investigated I modes and J modes adding self-
gravity to their calculations of 3D slender incompress-
ible tori with q = 2 and two-dimensional slender incom-
pressible tori with varying q. They found that I and J
modes were strongly influenced by self-gravity showing
character different from the P modes.
Papaloizou & Lin (1989) used a variational princi-
ple approach to study thin (flat) self-gravitating disks.
They found modes which fell into three categories de-
termined by the distribution of vortensity (see also Pa-
paloizou & Savonije 1991). One kind of mode is associ-
ated with extrema in vortensity, corresponding to a disk
where corotation is located at the radius of the maxi-
mum density. A second mode depicts modes generated
by the gradient of vortensity on the disk boundaries,
corresponding to the existence of the corotation radius
outside the disk. A third mode is associated with inter-
nal variations in the vortensity gradient. These modes
show corotation inside the disk, but not necessarily at
the density maximum.
An important development in the study of disks oc-
curred when Adams, Ruden, & Shu (1989) showed that
the indirect stellar potential could couple the star and
disk, and drive one-armed spiral modes,m= 1 modes in
disks. Symmetry arguments showed that multi-armed
modes with m ≥ 2 could not drive the central star off
the disk center of mass and so could not contribute to
the indirect stellar potential. Adams, Ruden & Shu
(1989) found that m = 1 modes were unstable for
high mass disks (M∗/Md ≈ 1), attributing instability
to SLING amplification (however, see Heemskerk, Pa-
paloizou, & Savonije 1991). Noh, Vishniac & Cochran
(1992) studied m = 1 modes in Keplerian (q = 1.5)
disks for high and low disk masses with emphasis on
sensitivity to the outer disk boundary conditions. They
found that low mass disks, down toM∗/Md ≈ 2.0, were
unstable to m = 1 modes only when a reflecting outer
boundary existed, with growth rates increasing rapidly
with an increase in disk mass and that there were two
types of m = 1 modes (see also Hadley & Imamura
2011).
Mathematically simple systems, such as infinitesi-
mally thin disks, self-gravitating annuli and tori with
constant mass density and circular cross-sections, have
been studied extensively. Fully 3D, self-gravitating
disks have received much less attention. Self-gravitating
polytropic disks were analyzed by Eriguchi & Hachisu
(1983) and Hachisu & Eriguchi (1985a, 1985b). Tohline
& Hachisu (1990) performed nonlinear calculations for
n = 1.5, varying q, for extremely small mass stars,
10−9 < M∗/Md < 10
−6, making these disks fully self-
gravitating. Their analysis included eight models but
was extended in a second paper, Woodward, Tohline
& Hachisu (1994) where a more extensive study was
performed, this time including models where the star-
to-disk ratio was much larger. Hadley & Imamura
(2011), performed linear stability analyses on self-
gravitating toroids, M∗/Md = 0.0. In addition, they
modeled the early nonlinear evolution using a quasi-
linear theory and, for selected models, fully nonlin-
ear techniques. In our present work, we perform an
extensive study of nonaxisymmetric global instabili-
ties in thick, self-gravitating star-disk systems creating
a large catalog of star/disk systems covering most of
the parameter space relevant to protostellar and pro-
toplanetary systems. We consider star/disk systems
for n = 1.5, q = 1.5, 1.75 and 2, for star masses of
0.0 ≤ M∗/Md ≤ 103 and inner to outer edge aspect
3ratios of 0.1 < r−/r+ < 0.75. We discuss how the
trends found in the non-self-gravitating disks and thin
disks systems carry over to self-gravitating thick disks,
as well as how the extra degree of freedom leads to new
behavior. We perform quasi-linear analysis and com-
pare our linear and quasi-linear modeling results with
nonlinear simulations in Paper III of this series (Hadley
et al. 2014).
The remainder of our paper is organized as follows.
Section 2 introduces our mathematical methods and
concepts. Section 3 presents our results. Section 4
contains discussion and applications with comparison
of our results with those of previous studies. Section 5
contains a summary of our results and conclusions.
2 EQUILIBRIUM DISKS
2.1 Equilibrium Disk Equations
The inviscid, adiabatic, hydrodynamic equations are
∂tρ+∇·(ρv) = 0 (1)
and
ρ(∂t + v · ∇)v = −∇P − ρ∇Φg (2)
where P is the pressure, ρ is the mass density, v is the
velocity, and Φg is the total gravitational potential com-
posed of the disk self-gravitational potential, Φd, and
the stellar potential, Φ∗. The disk potential is found
from solution of the Poisson equation
∇2Φd = 4πGρ (3)
where G is the gravitational constant. The stellar po-
tential is found from the potential formula for a point
mass
Φ∗ = − GM∗|r− r∗| , (4)
where r is the field point and r∗ is the position of the
star. In equilibrium, r∗ = 0, but for the perturbed flow,
we determine r∗ using the stellar equation of motion
given by
d~v∗
dt
= −∇Φd. (5)
The perturbed form of the stellar equation of motion is
given in equation 24.
We calculate equilibrium models using the self-
consistent field method (SCF, Hachisu [1986]) under
the following assumptions: (i) axial symmetry; (ii) the
fluid rotates on cylinders; and (iii) the disk has mirror
symmetry across the equatorial plane. For isentropic
fluids the relationship between P and ρ is P = Kρ1+1/n
where P is pressure, ρ is mass density, n is the poly-
tropic index, and K is the polytropic constant. We
investigate models with n = 1.5. The velocity field is
defined using a power law angular velocity distribution
Ω(̟) = Ω◦
(
̟
r◦
)−q
(6)
where r◦ is the radius of the density maximum, Ω◦ is
the frequency of the fluid at r◦, and ̟ is the cylin-
drical radial coordinate. Keplerian rotation refers to
q = 1.5, and the axisymmetrically neutrally-stable case
of constant specific angular momentum is q = 2. Unless
otherwise noted, all quantities are presented in poly-
tropic units where G = K = Md = 1, G is the gravita-
tional constant, and Md is the the disk mass. Conver-
sion between polytropic units and physical units can
be made using transformations found in Williams &
Tohline (1987).
The mass continuity equation is identically satisfied
and the momentum conservation equation may be inte-
grated once for axisymmetric disks that rotate on cylin-
ders. In cylindrical coordinates we find
γ
γ − 1Kρ
1/n − GM∗
r
+Φd −
∫
Ω2◦r
2q
◦ ̟
1−2qd̟−C = 0
(7)
where γ = 1+1/n, M∗ is the mass of the star, C is the
integration constant whose value is determined by the
boundary conditions. Defining dimensionless variables
ψ =
ρ
ρ◦
, θ =
̟
r◦
, ξ =
r
r◦
, ϕd =
Φd
Φ◦
,
and ϕc = −
∫
θ1−2qdθ
(8)
where ϕc is the centrifugal potential, we arrive at
γ
γ − 1ψ
1/n −
(
M∗
Md
)
1
ξ
+ ϕd + h
2
◦ϕc − C′ = 0. (9)
After setting
Φ◦
Kρ
1/n
◦
= 1. h2◦ =
Ω2◦r
2
◦
Kρ
1/n
◦
, C′ =
C
Kρ1/n
(10)
and using the Poisson equation to show that
Φ◦ = Gρ◦r
2
◦ →
GM∗
Kρ
1/n
◦ r◦
=
M∗
Md
. (11)
We solve Equation 9 as follows: (i) values for ψ are
guessed; (ii) ϕd and ϕc are calculated; (iii) using ϕd
4and ϕc, Equation 9 is inverted for ψ; (iv) if the guessed
and calculated ψ agree to within a predetermined tol-
erance, the calculation is stopped. If they do not, the
guess for ψ is improved and steps (ii) and (iii) repeated.
This is continued until the guessed and calculated ψ
are consistent. We use a global test for convergence
by monitoring the changes in the constants h2◦ and C
′
from iteration to iteration. We quantified the accuracy
of our result using the virial theorem, 2 (T+Tth)+W =
0, where T is the rotational kinetic energy, Tth is the
kinetic energy in thermal motion, and W is the gravita-
tional energy. In practice, this quantity does not equal
zero. In general, our models had
VT = |T + Tth + 0.5W−0.5W | < 10
−3 − 10−4, (12)
However, for small M∗/Md and large r−/r+, VT could
be as large as 0.01.
2.2 Equilibrium Disk Properties
An extensive library of equilibrium disk models was
compiled covering the parameter space occupied by typ-
ical protostellar and protoplanetary disks. Disk models
were grouped into families defined by n and q, where
family members were parameterized by r−/r+, the ra-
tio of the inner and outer radii of the disk, andM∗/Md,
the ratio of the star mass disk mass. We modeled q =
1.5, 1.75 and 2 disks for r−/r+ = 0.05 to 0.75, and
M∗/Md = 0 to 10
3. Density contours in meridional
slices for representative models are shown in Figure 1
to qualitatively illustrate the effects of varyingM∗/Md,
q and r−/r+. Large star masses, small inner radii and
shallow rotation curves all have the effect of flattening
the disk. Small stars, large inner radii and steep rota-
tion curves have the opposite effect leading to values of
h/r ≈ 1 where h is the disk thickness at radius r. The
latter is where we expect thin-disk approximations to
break down.
We investigate disk stability based on local and
global macroscopic properties of the equilibrium disks.
Some examples of parameters include the well-known
Toomre Q parameter which indicates local instability
in thin disks if Q falls below unity, where
Q =
csκ
πGΣ
, (13)
cs is the local sound speed, and κ is the epicyclic fre-
quency,
κ2 = (4− 2q)Ω2 (14)
for power law rotation (Toomre 1964). For nonaxisym-
metric instability, a corresponding necessary and suffi-
cient condition does not exist but it has been suggested
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Fig. 1 Top row: Mass density contours for models of
varying values of M∗/Md with q = 1.5 and r−/r+ = 0.20.
Contours trace ten divisions between the arbitrary low den-
sity of 10−30 and the max density. Middle row: Contours
for models with q = 1.5 and M∗/Md = 1, sweeping r−/r+.
Bottom row: Contours for models with M∗/Md = 25 and
r−/r+ = .4, sweeping q.
5that systems which have Q . 1.5− 1.7 anywhere in the
disk are unstable to nonaxisymmetric instability (e.g.,
Durisen et al. 2007). For q = 2, Q = 0. For q =
1.5, disks with small M∗/Md show large regions where
Q < 1.5 − 1.7 while for large M∗/Md, q = 1.5 disks
show Q > 1.5 − 1.7 everywhere. An additional effect
of Q arises in regions where Q < 1. In such regions,
traveling waves damp. For q ≈ 2, the disk has Q ≈ 0
because κ2 ≈ 0. Qualitatively similar behavior between
q = 1.5 and 1.75 is seen. The region whereQ < 1 begins
wide, decreases in width monotonically with increasing
M∗/Md and finally disappears. On grounds of the Q
parameter, disks near q = 2 are likely to be much more
unstable than q = 1.5 and 1.75 disks. For q = 1.5 and
1.75, systems with large M∗/Md are likely to be stable
based on Q.
Another parameter commonly used in the analysis of
equilibrium disks is the ratio of the rotational kinetic
energy to the absolute value of the gravitational po-
tential energy, T/|W |. T/|W | is particularly useful in
the analysis of gravito-rotation driven nonaxisymmet-
ric modes in star-like objects. q = 1.5 disks, Kepler-like
disks, show higher values of T/|W | for large M∗/Md
than do q = 2 disks. T/|W | → 0.5 for the largest
M∗/Md and r−/r+ for all q and varying q and r−/r+
has little effect on T/|W | for largeM∗/Md. T/|W | also
varies differently across parameter space for different q
making it less useful as a universal stability indicator
for star/disk systems than has been found for toroids
(Hadley & Imamura 2011) and spheroidal objects (e.g.,
Tassoul 1978).
Two local measures of the importance of self-gravity,
p2 =
4πGρ◦
Ω2◦
, (15)
and
η =
Ω2k
Ω2◦
(16)
are useful indicators of stability in thin-disks and ICTs
(e.g., Christodoulou & Narayan 1992, Andalib, Tohline,
& Christodoulou 1997). Here, Ωk is the Keplerian an-
gular velocity given by Ωk =
√
GM∗/r3◦. Although p
and η show different behavior and also vary with q, indi-
vidually, each may be a useful indicator for the stability
properties of thick, self-gravitating disk systems.
3 NONAXISYMMETRIC DISK
INSTABILITIES
A foundation is presented for the understanding of non-
axisymmetric disk modes, beginning with the linearized
evolution equations. This is followed by detailed de-
scriptions of the character of the several types of modes
observed (J, E/P, I, m=1), followed by laying out, in
(r−/r+,M∗/Md) space for given q, the eigenvalues and
character of the dominant low-m modes. The section
concludes with discussion and calculation of the angu-
lar momentum transport properties of representative
modes from all classes, with particular attention to
m = 1.
3.1 Linearized Evolution Equations
Linearly unstable modes are found from solution of an
Initial Value Problem (IVP) formulated from the hy-
drodynamics equations evaluated using Eulerian per-
turbations of the form,
A = A◦ + δA(̟, z, t)e
imφ, (17)
where A◦ is the equilibrium solution and δA is the per-
turbed amplitude in the meridional plane. For all com-
plex perturbed quantities, the physical solution corre-
sponds to the real part.
From the perturbations and the hydrodynamic equa-
tions, a set of linearized evolution equations is formed
(Hadley & Imamura 2011). In cylindrical coordinates,
the linearized hydrodynamic equations are
∂tδρ = −imΩδρ− ρ◦ δv̟
̟
− δv̟∂̟ρ◦ − δvz∂zρ◦
−ρ◦
(
∂̟δv̟ +
im
̟
δvφ + ∂zδvz
)
(18)
∂tδv̟ = −imΩδv̟ + 2Ωδvφ − γP◦
ρ2◦
∂̟δρ
−(γ − 2)δρ
ρ2◦
∂̟P◦ − ∂̟δΦg, (19)
∂tδvφ = −imΩδv̟
̟
∂̟(Ω̟
2)− im
̟
γPo
ρ2o
δρ
− im
̟
δΦg, (20)
∂tδvz = −imΩδvz − γPo
ρ2o
∂zδρ− (γ − 2)δρ
ρ2o
∂zPo
−∂zδΦg. (21)
The perturbed disk gravitational potential δΦd is
found by solving the linearized Poisson equation,
∇2(δΦdeimφ) = 4πGδρeimφ (22)
for the azimuthal mode m under consideration. The
star follows a spiral trajectory giving rise to the indirect
potential,
δΦ∗ = −GM∗
r
(
δ∗ · r
r2
)
(23)
6where δ∗ is the perturbed location of the star. Both
δΦd and δΦ∗ are included in the evolution equations.
We find δ∗ by solving the linearized stellar equation of
motion,
∂ttδ∗ = πG(xˆ + iyˆ)
∫
δρ
r3
̟2d̟dz
+πGδ∗
∫
ρ◦
r3
(
3(
̟2
r2
)− 2
)
̟2d̟dz, (24)
simultaneously with the linearized evolution equations.
The Cartesian coordinates of the star are related as
δ∗,y = iδ∗,x so that the perturbed stellar potential is
δΦ∗ = −GM∗
r
(
δR∗,x + iδ
I
∗,x
r2
)
̟eiφ (25)
where δR∗,x and δ
I
∗,x are the real and imaginary parts of
the perturbed xˆ component of the stellar position.
Equilibrium values for ρ and v are used as the back-
ground for solution of the IVP equations. The IVP
is evolved on the same grid as the equilibrium mod-
els. Spatial derivatives are given in finite difference
form and time derivatives left continuous. The per-
turbed solutions are advanced in time using a fourth
order Runge-Kutta method. The numerical code is de-
scribed in detail in Hadley & Imamura (2011). We usu-
ally used grid sizes of n̟×nz = 512×512 although for
disks with large r−/r+ and q = 1.5, we sometimes used
grids of size 1024 × 1024. Convergence tests were run
with resolutions of 2562, 5122 and 10242, with eigen-
values typically agreeing with each other to within a
few percent. Less agreement was found near transition
regions, boundaries between mode types, which tended
to shift slightly in r−/r+ for a given M∗/Md.
Boundary conditions consist of mirror symmetry
about the equatorial plane. Perturbed velocities in the
̟ and z directions are set to zero on the surface of the
disk, while the mass density perturbation is set to zero
gradient. The gravitational potential is solved in the
Coulomb gauge and computed at the outer grid bound-
aries using a sum over spherical harmonics up to l = 16.
We find that our results agree with the early-time
behavior of full nonlinear simulations made using the
CHYMERA code (Hadley et al. 2014). In tests, we
agreed with the work of Blaes (1985), who found an-
alytic eigenvalues for infinitely slender q = 2 non-self-
gravitating tori within about 10%. The evolution equa-
tion coefficients at the disk outer boundary are weakly
singular, and likely introduce some problems for our
fixed grid code causing the discrepancy.
The evolution of the perturbed disk was followed by
monitoring |δρ|/ρ◦ at three points in the disk midplane
to ensure that instability is global in nature. A model is
deemed dynamically stable if it shows no global growth
after 30 - 40 τ◦ where τ◦ is the rotation period at the
radius of the density maximum. We monitor growth
until time dependence has settled into stable exponen-
tial behavior,
f(t) = f0e
−iωmt (26)
for any perturbed quantity f . We choose these and
other sign conventions to be consistent with previous
workers in the field (e.g., see Kojima 1986). Growth
rates and oscillation frequencies are determined from
least squares fits to the logarithm of the amplitude and
the phase, respectively. For our definition, the real part
of ω refers to the frequency of the perturbation while
the imaginary part refers to the growth rate. Prograde
modes have R(ω) < 0. For our choice of the form for
the azimuthal eigenfunction, normalized eigenvalues are
defined as
y1(m) = −
(R(ωm)
Ω◦
+m
)
and y2(m) =
I(ωm)
Ω◦
.
(27)
Here R(z) and I(z) take the real and imaginary parts
of a complex variable.
The corotation radius, rco, is where the pattern fre-
quency of the mode equals the orbital frequency of the
fluid. The co-rotation radius acts as a resonance point
in the disk where periodic forcing may amplify the den-
sity perturbation (see Goldreich & Tremaine 1979). If
there is no real component in the density perturba-
tion, a singularity may arise at the corotation resonance
point (see eq. 26-27). The y1(m) are defined so that if
y1(m) < 0, rco > r◦ and if y1(m) > 0, rco < r◦. For
power-law Ω, rco is given by:
rco
r◦
=
(
y1(m)
m
+ 1
)−1/q
(28)
The inner and outer Lindblad resonances rilr and
rolr, are located where the real part of ωm equals ±κ.
For power-law Ω, rilr and rolr are related to rco by:
rlr
rco
=
(
1±
√
4− 2q
m
)1/q
(29)
The vortensity is defined as
Λ =
∇× v
Σ
(30)
where Σ is the column density. For axial disks that
rotate on cylinders with power law angular velocity, the
only nonzero component of Λ is
Λz = (2− q)
(
Ω
Σ
)
. (31)
7Vortensity modes arise when corotation falls at extrema
in Λz (Papaloizou & Savonije 1991).
For analysis purposes, we calculate the work done
locally by the perturbed kinetic energy, and the per-
turbed enthalpy which also accounts for the perturba-
tion in the acoustic energy (see Kojima 1989). The
perturbed kinetic energy and acoustic energy are desig-
nated as Ek and Eh, respectively and, for a polytrope,
are given by:
Ek =
1
2
ρ〈δv2̟ + δv2φ + δv2z〉 (32)
Eh =
1
2
γ
P
ρ2
〈δρ2〉 (33)
Here, the brackets represent time-averaged perturbed
quantities. The total energy of the mode is the sum
of the two. The time rate of change of the perturbed
energy may be broken down into the time rate of change
of the stresses:
∂tσR = −ρ◦̟∂̟(δvφδv̟) (34)
∂tσG = −ρ◦(δv · ∇)(δΦd + δΦ∗) (35)
∂tσh = −∇·(δPδv) (36)
where σR is the Reynolds stress, σG is the gravitational
stress, and σh is the acoustic stress.
3.2 Classification Of Nonaxisymmetric Disk Modes
Modes are identified from their morphological and dy-
namical properties. We use characteristics including
the winding of their arms, the regions in the disk where
they have the largest amplitude, locations of corotation
and vortensity extrema, and the self-gravity parameter
p to classify modes. We have also examined the ratio of
gravitational and Reynolds stress rates integrated over
the disk,
R =
∫
∂tσGd
3x∫
∂tσRd3x
(37)
and found that it tracks mode type almost exactly as p
does for m ≥ 2, confirming the relative importance of
self-gravity.
No one characteristic is sufficient or necessary to
define mode type. In the following subsections we
present representative models that characterize each
mode type. Tables 1 to 4 summarize the properties
of the modes presented in the figures and discussed in
the following sections. The azimuthal mode numbers
m with the highest growth rate in the amplitude of
the density perturbation are illustrated and discussed
in Sections 3.3 and 3.3.4. The reader may find it helpful
to reference this section to understand which azimuthal
mode number dominates respective modes (J, E/P, I,
m=1) discussed.
3.2.1 J Modes
J modes, the Jeans-like modes, are driven by self-
gravity. They dominate systems with narrow, r−/r+
> 0.30, and high mass disks, M∗/Md < 0.2, where the
self-gravity parameter p & 7.5. For given M∗/Md, J
modes with successively higher m dominate as r−/r+
increases (see Figs ??-??).
In Table 1, we outline the parameters of four repre-
sentative star disk systems which exhibit J modes. The
properties of typical J modes are illustrated in Figure
2. We show constant phase loci for δρ/ρ◦ and W , am-
plitudes of δρ/ρ◦ andW subject to an arbitrary scaling
factor, work integrals, and stress rates in the disk mid-
plane for q = 1.5 disks with M∗/Md = 0.01 and large
r−/r+. Here
W = γ P◦
ρ2◦
δρ+ δΦ (38)
is an alternative eigenfunction formed from the sum
of the perturbed enthalpy and perturbed gravitational
potential (Papaloizou & Pringle 1984). W is a more
natural eigenfunction for disks than is δρ (e.g., Hadley
& Imamura 2011). This is apparent in the location
of corotation which more closely tracks minima in |W|
than minima in |δρ|. The benefit of tracking the W
eigenfunction is consistent with the corotation singular-
ity at threshold being removed by W = 0 rather than
by δρ = 0. This behavior is also clear for the m ≥ 2 I
and J modes. Note that in Figure 2 and in the rest of
the paper, the amplitudes of δρ/ρ◦ and W are normal-
ized using their respective maximum values in the disk
midplane. We have included the ratios of the unnor-
malized maximum values for |δρ/ρ◦| / |W| in the figure
captions.
J modes do not show large variation in their proper-
ties. Dominant azimuthal wavenumbers for these mod-
els are illustrated in Figure 10, Section 3.3. The con-
stant phase loci for δρ/ρ◦ are barlike for r < r◦, and
show trailing spiral arms that extend for ∼ π/m radians
for r > r◦ (Figure 2, column 2). The arms shown byW
lead those of δρ indicating that the gravitational per-
turbation leads the enthalpy perturbation. The work
integrals (Figure 2, column 4) for the m = 2 modes
show two distinct peaks in Eh, the first peak larger
8Table 1: Representative J Modes
r−/r+ r+/r◦ r◦ τ◦ J m y1, y2 rilr/r◦, rolr/r◦ rco/r◦
J1 0.402 1.51 6.47 187 1.43 2 -0.344,0.110 0.714,1.49 1.13
J2a 0.600 1.27 14.8 560 2.49 2 0.0297,0.840 · · · ,1.30 0.990
J2b ” ” ” ” ” 3 -0.0271,1.57 0.768,1.22 1.01
J2c ” ” ” ” ” 4 -0.0844,1.85 0.837,1.18 1.01
Table 1 Examples of J modes and their properties, giving (left to right) the radial aspect ratio of the disk, the disk
outer radius, radius of density max, characteristic rotation time at density maximum τ0 in polytrope units, total angular
momentum, azimuthal mode number m, oscillation frequencies and growth rates of perturbed density, the radii of the inner
and outer Lindblad resonances and the corotation radius.
than the second. Ek has one peak which is much lower
in amplitude than the Eh peaks, near the center of the
disk for large r−/r+ models and skewed toward the in-
ner edge for models with small r−/r+. For the m =
3 mode, the minimum between the peaks does not go
to zero, and the m = 4 mode has only one peak each
for Ek and Eh, with the Ek at higher amplitude. As
for the stress rates (Figure 2, column 3) ∂tσh domi-
nates near the inner edge with higher amplitude for the
r−/r+ = 0.40 model than for the r−/r+ = 0.60 model.
In the central part of the disk, ∂tσG is positive while
∂tσh is negative. For the m = 2 mode, the amplitudes
of ∂tσG and ∂tσh are roughly comparable, while for the
m > 2 mode, the amplitude of ∂tσG is higher than that
of ∂tσh. ∂tσR is positive, but significantly lower in am-
plitude than either ∂tσG or ∂tσh, and is skewed toward
the inner edge in the r−/r+ = 0.60 model. The stress
rates for the m = 2, 3 and 4 are similar to each other.
3.2.2 P & Edge Modes
P and edge modes are driven by coupling of inertial
waves across corotation. For both, corotation and the
minimum in |W| sit at ∼ r◦. P and edge modes are
dominant in the region in (r−/r+,M∗/Md)-space to
the far right and below the J mode corner (see Fig-
ures 14 and 15). Dominant azimuthal wavenumbers for
these models are illustrated in Figure 11, Section 3.3.
We identify three characteristic behaviors. For given
M∗/Md and increasing r−/r+, P and edge modes show:
(i) bars near the inner edge of the disk with short for-
ward phase shifts at r◦ which switch to long trailing
arms outside r◦, sometimes winding around the disk
repeatedly; (ii) a similar mode with central bars and
short leading phase shifts but with short trailing arms
outside r◦; and (iii) another mode with smoothly wind-
ing leading spiral arms. The instabilities with large
winding number are referred to as edge modes. Edge
modes are associated with the low r−/r+ and/or high
M∗/Md. The modes in (ii) and (iii) are associated with
the humps shown in the NSG y2 plot discussed in §3.3.3.
The characteristic behavior of edge modes and P
modes is illustrated in Figures 3 and 4 where a se-
quence of figures of m = 2 modes for q = 2, M∗/Md
= 102, and r−/r+ = 0.70 to 0.10 systems are shown
(see also Table 2). These models strongly resemble cor-
responding NSG disks. Threshold behavior between
edge and P modes for NSG disks occurs at r−/r+ =
0.50, where models with r−/r+ < 0.50 exhibit corota-
tion radii slightly inside r◦ and greater winding of the
trailing arms, and models with r−/r+ > 0.50 exhibit
corotation radii slightly outside r◦ and shorter trailing
arms. For self-gravitating models, the threshold be-
tween edge and P modes is not as clearly defined. At
transition, corotation moves across r◦ but does not co-
incide with the extension of the arms. For example, rco
= 1.01r◦ for the model at r−/r+ = 0.45, even though
it has extended arms. The first forward phase shift
falls near r◦, with a rapid switch to a trailing arm. As
r−/r+ decreases from 0.60, r◦ moves further inside the
geometric center of the disk, leaving more room for the
trailing arm to extend. Note that there is a change in
y1, as seen in Figure 15 (y1 plotted for q = 2, m = 2,
M∗/Md vs. r−/r+) in that models exhibiting P mode
behavior have y1 < 0, while edge modes have y1 >
0. In edge modes, the number of wraps increases with
decreasing r−/r+. The corresponding eigenfunctions in
Figure 4 indicate that a second minimum appears when
the trailing arm extends beyond the inner bar. For low
r−/r+, the winding of the arms increases. The minima
occur with more frequency toward the outer edge of the
disk. The P mode work integral plot has two peaks in
Eh, one lying close to the inner and one closer to the
outer edge of the disk. As r−/r+ decreases, a broad
valley develops between them. Ek has a peak which
lies inside the inner Eh peak, with a shoulder across
the central region, going to zero at the outer edge of
the disk. The edge mode work integral plot also has a
narrow Eh peak near the inner edge which contains the
peak in Ek, but both have very low amplitude except
near the inner edge. The work integrals become oscilla-
tory for smaller r−/r+. The stress plots show acoustic
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Fig. 2 m = 2, 3, and 4 J modes for q = 1.5 and M∗/Md = 0.01 systems with r−/r+ = 0.4 and 0.6, models J1, J2a,
J2b, and J2c from top-to-bottom. We show δρ and W amplitudes and phases, ∂tσ, and δJ. For the eigenfunctions, the
blue curve is for δρ/ρ◦ and the red curve for W. For the ∂tσ, the Reynolds stress is the red curve, the gravitational stress
the blue curve, and the acoustic stress rate the magenta curve. For the perturbed energies, the kinetic energy is the blue
curve and the enthalpy the red curve. For the first column, the ratios of the unnormalized maximum values for |δρ|/|W|
are 2687, 9629, 4954 and 4256, respectively, from top-to-bottom.
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Table 2: Representative P and Edge m = 2 Modes
r−/r+ r+/r◦ r◦ τ◦ J y1, y2 rco/r◦
P1 0.452 1.60 0.254 0.0808 5.05 -0.0649,0.0956 1.02
P2 0.500 1.49 0.403 0.161 6.35 -0.227,0.151 1.06
P3 0.600 1.33 1.09 0.712 10.4 -0.152,0.212 1.04
P4 0.700 1.21 3.37 3.88 18.4 -0.0736,0.126 1.02
E1 0.101 5.52 6.13×10−3 3.03×10−4 0.786 0.428,0.067 0.908
E2 0.202 2.99 0.0229 2.18×10−3 1.51 0.177,0.0833 0.959
E3 0.402 1.74 0.159 0.04 3.99 -0.0524,0.141 1.01
flux dominating near the inner and outer edges while
Reynolds stress dominates the inner disk region, carry-
ing opposite sign. Stress due to self-gravity is negligible
for the P and edge modes.
3.2.3 I− & I+ Modes
The I modes, modes with properties intermediate be-
tween those of the J and P modes were discovered by
Goodman & Narayan (1986). There are two types of I
modes, fast I− modes with corotation inside r◦, some-
times inside r−, and slow I
+ modes with corotation
outside r◦, sometimes outside r+. Dominant azimuthal
wavenumbers for I modes lie in parameter space illus-
trated in Figures 10 and 11, Section 3.3. The I mode
region is seen in Figure 14 Section 3.3 as a wide arc ex-
tending to the right and below the J mode corner pre-
viously defined, ending in stable models curving from
(r−/r+,M∗/Md) = (0.70,10.0) to (r−/r+,M∗/Md) =
(0.20,0.01). Equilibrium disks which show I modes con-
sistently have p . 6 − 7.5 and p & 3 for q = 2 or & 2
for q = 1.5, both increasing with increasing m. Density
contours are nearly concentric for small M∗/Md disks,
becoming somewhat flatter for high M∗/Md disks. The
threshold r−/r+ above which the mode is type I
−
roughly .5 for q = 1.5, m = 2 and is an increasing
function of all of m, q and M∗/Md (see Figs ??-??,
dashed lines).
Figure 5 depicts and Table 3 presents relevant prop-
erties for typical I− modes. Corotation falls well inside
r◦. |W| shows a minimum near rco while |δρ/ρ◦| shows
a minimum near r◦. The phase plots show a central bar
and an outer bar connected by a trailing π/m phase
shift in δρ/ρ◦ slightly outside r◦. W is out of phase
with δρ/ρ◦ at the inner edge, with a short leading arm
that switches to trailing at rco, coming into phase with
δρ/ρ◦ at the outer edge. Models where M∗/Md < 1
exhibit bars near the inner and outer edges of the disk,
while in higher M∗/Md models, the bars become less
perpendicular to the disk edges with δρ/ρ◦ and W in
phase and trailing at the outer edge. For the M∗/Md =
5 model pictured here, δρ/ρ◦ and W come into phase
at r/r◦ = 1.09. These trends are also seen in q = 1.75
and 2, in that the M∗/Md < 1 models exhibit bars and
the bars are less perpendicular in higher M∗/Md mod-
els. δρ/ρ◦ amplitudes are similar to J modes, but the
W amplitudes of I− modes typically have a dip near
the inner edge of the disk. The work integrals for these
models are similar in character to those of the J modes.
The M∗/Md = 5 model shows stronger dominance of
Ek in the disk, especially outside r◦. Stress plots are
generally similar to those seen in the J modes.
I+ modes are illustrated in Figure 6 and Table 3.
Equilibrium density contours are nearly concentric for
smallM∗/Md disks, becoming somewhat flatter for high
M∗/Md disks. Corotation falls outside r+ or, for model
I5, just at r+. |W| does not show extrema when rco >
r+. W is in phase with δρ/ρ◦ near the inner edge of
the disk, becoming out-of-phase for ̟ > r◦. There is
roughly a π/m trailing phase shift in δρ/ρ◦ that lies
close to r◦. q = 1.5 models have bars near the inner
and outer disk edges, becoming less perpendicular for
higher M∗/Md. The work integral of these models all
show two peaks in Eh with the inner peak higher, and
a region in the middle of the disk that is dominated by
Ek. Unlike the I
− mode, where the peak in Ek lies at
the zero between the two Eh peaks, the peak in Ek for
the I+ mode lies within the region of the inner Eh peak.
Notably, the q = 1.5, r−/r◦ = 0.50, M∗/Md = 7 model
is dominated more strongly by Ek for much of the disk
inside r◦. The stress plots show domination in the inner
and outer regions by ∂tσh while ∂tσG dominates in the
center of the disk. The Reynolds stress is positive with
relatively low amplitude. The notable exception here is
the q = 2, r−/r◦ = 0.60, M∗/Md = 7 model, which has
a region inside r◦ that is dominated by the Reynolds
stress.
There is a region of parameter space that lies be-
tween I+ modes and edge modes where the character-
istics of the models resemble neither. Unlike I modes,
corotation lies near r◦ and unlike edge modes, the W
phase lies significantly away from that of δρ/ρ◦, indi-
cating that self-gravity is important. There is a large
variance in appearance of the models, with no strong
characteristic identifying modes in this region.
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Fig. 3 Barlike P modes, m = 2, for disks with q = 2 and M∗/Md = 10
2 for r−/r+ > 0.45, models P4, P3, P2, and P1
from top-to-bottom. We show δρ and W amplitudes and phases, ∂tσ, and δJ. For the eigenfunctions, the blue curve is for
δρ/ρ◦ and the red curve for W. For the ∂tσ, the Reynolds stress is the red curve, the gravitational stress the blue curve,
and the acoustic stress the magenta curve. For the perturbed energies, the kinetic energy is the blue curve and the enthalpy
the red curve. For the first column, the ratios of the unnormalized maximum values for |δρ|/|W| = 99.43, 17.70, 4.74 and
4.48, respectively, from top-to-bottom.
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Fig. 4 Barlike edge modes, m = 2, for disks with q = 2 and M∗/Md = 10
2 for r−/r+ < 0.45, models E3, E2, and E1
from top-to-bottom. We show δρ and W amplitudes and phases, ∂tσ, and δJ. For the eigenfunctions, the blue curve is for
δρ/ρ◦ and the red curve for W. For the ∂tσ, the Reynolds stress is the red curve, the gravitational stress the blue curve,
and the acoustic stress the magenta curve. For the perturbed energies, the kinetic energy is the blue curve and the enthalpy
the red curve. For the first column, the ratios of the unnormalized maximum values for |δρ|/|W| are 0.32, 0.14 and 0.0093,
respectively, from top-to-bottom.
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Fig. 5 Barlike I− modes, m = 2 modes, with corotation inside r◦ and sometimes inside r− for disks with q = 1.5 and
M∗/Md = 0.1 and 5 for r−/r+= 0.6, models I1 and I2 from top-to-bottom. We show eigenfunctions, δρ and W amplitudes
and phases, ∂tσ, and δJ. For the eigenfunctions, the blue curve is for δρ/ρ◦ and the red curve for W. For the ∂tσ, the
Reynolds stress is the red curve, the gravitational stress the blue curve, and the acoustic stress the magenta curve. For the
perturbed energies, the kinetic energy is the blue curve and the enthalpy the red curve. For the first column, the ratios of
the unnormalized maximum values for |δρ|/|W| are 7685 and 5221, respectively, from top-to-bottom.
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Table 3: Representative I− and I+ m = 2 Modes
M∗/Md q r−/r+ r+/r◦ r◦ τ◦ J y1, y2 rilr/r◦, rolr/r◦ rco/r◦
I1 0.1 1.5 0.600 1.27 14.9 511 2.75 0.905,0.504 · · · ,1.02 0.780
I2 5 1.5 0.600 1.26 16.2 176 9.41 0.784,0.432 · · · ,1.05 0.802
I3 7 2 0.600 1.30 7.68 49.8 7.47 -0.747,0.169 · · · 1.26
I4 0.2 1.5 0.402 1.50 6.60 152 1.84 -0.993,0.601 0.996, · · · > r+
I5 7 1.5 0.500 1.36 11.6 91.6 9.32 -0.737,0.274 0.856, · · · 1.36
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Fig. 6 Barlike I+ modes, m = 2 modes, with corotation outside r◦ and sometimes outside r+ for disks with q = 2, M∗/Md
= 7, and r−/r+= 0.6, model I3, q = 1.5, M∗/Md = 0.2, and r−/r+= 0.402, model I4, and q = 1.5, M∗/Md = 7, and r−/r+=
0.5, model I5, from top-to-bottom. We show δρ and W amplitudes and phases, ∂tσ, and δJ. For the eigenfunctions, the
blue curve is for δρ/ρ◦ and the red curve for W. For the ∂tσ, the Reynolds stress is the red curve, the gravitational stress
the blue curve, and the acoustic stress the magenta curve. For the perturbed energies, the kinetic energy is the blue curve
and the enthalpy the red curve. For the first column, the ratios of the unnormalized maximum values for |δρ|/|W| are 634,
2082 and 3266, respectively, from top-to-bottom.
3.2.4 m = 1 Modes
Several kinds of m = 1 modes have been found: (i) the
eccentric instability discovered by Adams, Ruden, &
Shu (1989 and named A modes by Woodward, Tohline,
& Hachisu 1994) where the central star moves off the
center of mass of the equilibrium disk in response to
the nonaxisymmetric gravitational forcing arising from
the perturbed disk. This leads to the indirect poten-
tial that couples the star to the disk at the outer Lind-
blad resonance; (ii) an instability where the central star
moves in response to forcing from the perturbed non-
axisymmetric gravitational potential of the disk, but
the effects of the indirect potential are small and the
mode is driven by super-reflection of waves at coro-
tation (Noh, Vishniac, & Cochran 1992); (iii) P and
edge-like modes which were discovered in NSG disks
but can also develop in self-gravitating disks (Kojima
1986, 1989, Noh, Vishniac, & Cochran 1992, Wood-
ward, Tohline, & Hachisu 1994); (iv) modes in which
the disk perturbation arranges itself so that its center-
of-mass remains fixed at the origin and the star does
not move (Hadley & Imamura 2011); and (v) ellipti-
cal instabilities which arise from noncircular stream-
lines in the equilibrium disk (Ryu & Goodman 1994).
We modelled axisymmetric equilibrium disks and so did
not consider elliptical instabilities. We do find exam-
ples of the other one-armed modes in our simulations.
Properties of m = 1 modes are illustrated by cuts
through (r−/r+,M∗/Md) space. We first present re-
sults for q = 2 disks with M∗/Md = 1, and r−/r+
ranging from 0.05 to 0.60, see Table 4 and Figure 7.
m = 1 modes are important in this study, since they
dominate higher orderm for small r−/r+ in many cases.
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Table 4: Representative m = 1 Modes
M∗/Md q r−/r+ r+/r◦ r◦ τ◦ J y1, y2
rilr
r◦
, rolrr◦ rco/r◦
O1 1 2 0.052 9.52 0.126 0.287 0.357 -0.418,0.0815 · · · 1.31
O2 1 2 0.101 4.89 0.327 1.18 0.576 -0.502,0.248 · · · 1.42
O3 1 2 0.201 2.60 1.02 6.39 1.04 -0.428,0.519 · · · 1.32
O4 1 2 0.301 1.91 2.21 19.5 1.57 -0.363,0.571 · · · 1.25
O5 1 2 0.402 1.59 4.14 48.3 2.23 -0.358,0.478 · · · 1.25
O6 1 2 0.600 1.28 12.5 239 4.13 -0.694,0.465 · · · > r+
O7 0 1.5 0.100 2.70 1.40 31.8 0.447 -0.859,0.0108 · · · , · · · > r+
O8 0.01 1.5 0.100 2.68 1.42 30.9 0.470 -0.935,1.22 · · · , · · · > r+
O9 0.1 1.5 0.100 2.60 1.54 26.7 0.647 -0.607,1.031 · · · , · · · 1.86
O10 1 1.5 0.100 2.35 2.12 18.5 1.72 -0.311,0.341 · · · ,2.03 1.28
O11 5 1.5 0.100 2.12 3.06 14.9 4.36 -1.036,0.0451 · · · , · · · · · ·
O12 0.01 1.8 0.100 3.03 1.07 23.3 0.329 -0.925,1.13 2.41, · · · > r+
O13 0.1 1.8 0.100 3.20 0.974 15.1 0.428 -0.600,0.931 0.954,1.16 1.66
O14 0.5 1.8 0.100 3.85 0.669 4.77 0.663 -0.487,0.425 0.831,1.90 1.45
O15 1 1.8 0.100 4.31 0.486 2.12 0.803 -0.534,0.199 0.876,2.01 1.53
O16 100 2 0.700 1.21 3.37 389 18.4 -0.0420,0.115 · · · 1.02
For growth rate dependence on azimuthal mode num-
ber m, refer to Section 3.3. We find that q = 2 disks
do not show A modes. They do show unstable m =
1 modes, however, when the indirect potential is sup-
pressed,m = 1 modes persist. They are similar to those
found in the full simulations but have faster growth
rates. This suggests that the m = 1 modes for q = 2
are not those studied by Adams, Ruden, & Shu (1989,
see also Noh, Vishniac, & Cochran 1992, Woodward,
Tohline, & Hachisu 1994). We see inner coherent bars
which make rapid π-phase changes near rco outside of
which loosely wound trailing spiral arms form. These
modes are likely associated with edge-like modes. The
r−/r+ = 0.60 sequence, disks with narrow nearly circu-
lar cross-sections, usually show loose spiral structure,
with an arm that winds on the order of π or less some-
times with a small region near the outer edge of the disk
where there is a phase change and a small trailing arm
forms. The m = 1 modes of q = 2 sequences approach
structures found in NSG disks.
Next consider q = 1.5 systems. Plots in Figure 8
show m = 1 eigenfunctions for r−/r+ = 0.101 and star-
to-disk mass ratios, 0.0 < M∗/Md ≤ 5.0. The low star
mass limit, the toroid limit, shows a split bar struc-
ture (Hadley & Imamura 2011). With no central star,
the disk must conserve linear momentum itself. The
addition of even a small star changes the nature of in-
stability as shown by the M∗/Md = 0.01 model. The
star’s motion results in the formation of a barlike struc-
ture outside of which a leading spiral arm appears, sim-
ilar in appearance to a P mode, but with y1 = -0.935.
The mode is slow and corotation falls outside the disk.
These properties are consistent with an I+ mode al-
though the appearance of the phase plot does not re-
semble an I mode. For larger M∗/Md, the oscillation
frequency is higher and corotation moves into the disk.
The disks also show outer Lindblad resonances. The
phase plots also change in this region switching to struc-
tures composed of a trailing central bar-like region that
abruptly turns to a leading spiral arm outside r◦ later
switching to an outer trailing arm. The trailing arm
is initially short but grows in size as M∗/Md is made
larger, but it never winds more than ≈ π/4 in phase,
even for the largest M∗/Md disks. These modes bear
strong resemblance to the P modes seen in q = 2 NSG
disks. For M∗/Md = 5, the mode again changes char-
acter and forms a segmented bar which undergoes a π
phase shift at r◦. The disturbance is slowly rotating in
the retrograde sense with y1= -1.04 and y2 = 0.0451.
A similar structure is found for the M∗/Md = 25 disk
where (y1, y2) = (-0.976, 0.121), but here the mode is
prograde. The m = 1 mode approaches a neutral point
as M∗/Md increases, consistent with the stability of q
<
√
3 NSG star/disk systems. These results depend on
q. For r−/r+ = 0.05 and M∗/Md = 10, m = 1 modes
are stable for disks with q = 1.6 and 1.7.
The existence of low-frequency, retrograde m = 1
modes was first discovered by Kato (1983). Kato
showed that thin, nearly Keplerian disks, although not
unstable to nonaxisymmetric modes, supported neutral
low frequency retrograde m = 1 modes. Later works
showed that prograde low-frequency m = 1 modes also
existed, although, similarly to Kato (1983), excitation
mechanisms for the modes were not identified (Okazaki
1991, Ogilvie 2008, Papaloizou, Savonije, & Henrichs
1992). The m = 1 modes in Keplerian disks have oscil-
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Fig. 7 m = 1 modes for models O1 to O6 from top-to-bottom. These are representative m = 1 modes for q = 2 disks
with M∗/Md = 1, and increasing r−/r+. We show δρ and W amplitudes and phases, ∂tσ, and δJ. For the eigenfunctions,
the blue curve is for δρ/ρ◦ and the red curve for W. For the ∂tσ, the Reynolds stress is the red curve, the gravitational
stress the blue curve, and the acoustic stress the magenta curve. For the perturbed energies, the kinetic energy is the blue
curve and the enthalpy the red curve. For the first column, the ratios of the unnormalized maximum values for |δρ|/|W|
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lation frequency given by ω1 ≈ (cs/Ωr)2Ω (Kato 1983).
Using this result, we estimate the frequencies of our m
= 1 modes. Evaluating ω1 at density maximum, we
find ω1 ≈ 0.072Ω◦ where ρ◦ = 3.67× 10−3, r◦ = 6.56,
and Ω◦ = 0.136. For the retrograde and prograde m
= 1 modes given above, our simulations yield oscilla-
tion frequencies -0.024 Ω◦ and 0.039 Ω◦, results smaller
than, but similar to the estimated ω1.
We find A modes for q = 1.8 disks. A sequence of
q = 1.8 disks for r−/r+ = 0.102 is shown in Figure
9. The r−/r+ place the models near the peak of the
P mode hump and in the edge mode region. We see
A mode behavior for the M∗/Md = 0.5 and 1 models
when r−/r+ = 0.102, a smoothly winding trailing one-
armed spiral. The development of the arm depends
on the indirect potential. When the indirect potential
is artificially suppressed, the m = 1 mode is stable.
Outside of the phase plot appearance, there is no strong
marker for A modes.
3.3 Instability Regimes
Instability regimes for m = 1 to 4 modes are laid out
in (r−/r+,M∗/Md) space. The results naturally break
down into three mass realms, M∗ ≪ Md, M∗ ≈ Md,
and M∗ ≫ Md. For our discussion, we present y1 and
y2 for star/disk systems with M∗/Md = 0 to 100 and
q = 1.5, 1.75, and 2 in Figures 10 to 12 and for q = 2
disks in the M∗ ≫ Md regime in Figure 13.
We did not fully examine m > 4 modes in our cur-
rent study. Of m = 1 to 4, the fastest growing J mode
is always m = 4 where the J mode dominates; Presum-
ably higher m J modes will be even more unstable until
they should be cut off as the azimuthal wavelength ap-
proaches the azimuthal Jeans length. Outside of the
Jeans dominated region, low modes are generally ob-
served to have higher growth rates over larger spans of
parameter space.
3.3.1 M∗/Md ≪ 1
In the high disk mass regime, the M∗/Md ≪ 1 regime,
there is only weak dependence on q. To illustrate the
disk mode properties, we show results for q = 1.5 disks.
Curves are given in Figure 10; Such modes are displayed
by modes O7-O9 in Table 4 and form the left edge in
the plots of Figure 14. Toroids illustrate nicely the
properties of nonaxisymmetric modes in the high disk
mass regime, M∗/Md ≪ 1.1 Their growth rates, y2,
1Toroid results were discussed previously in Hadley & Imamura
(2011). Here, we review results pertinent to the current discus-
sion for the convenience of the reader.
and oscillation frequencies, y1, indicate the presence of
I modes, m = 1 I− and I+ modes, m ≥ 2 I+ modes,
and m ≥ 2 J modes. Consider the m ≥ 2 modes first.
For m ≥ 2, toroids are stable for r−/r+ . 0.05. For
r−/r+ & 0.05, weak growth in m = 2 is seen which
peaks in strength around r−/r+ ∼ 0.23 where y2 ∼ 0.5,
and then falls to zero near r−/r+ ∼ 0.4. The mode
has slow oscillation frequency, y1 ∼ -1 so that corota-
tion sits outside the location of density maximum, r◦.
Hadley & Imamura (2011) classified these m = 2 modes
as I+ modes. Around r−/r+ = 0.40, a second set of m
≥ 2 modes appears, modes with faster growth rates and
faster oscillation frequencies. Near threshold, these m
= 2 modes have y1 ∼ -0.4 which then slowly increases
reaching y1 ∼ 0 near r−/r+ ∼ 0.7. This second set of
modes has rco nearly at r◦. Hadley & Imamura (2011)
classified these fast modes as J modes. Toroid m =
1 modes exhibit similar behavior but without showing
J mode characteristics. For low r−/r+, m = 1 modes
are weakly unstable with y2 < 0.05 near r−/r+ ∼ 0.05.
These m = 1 modes are nearly stationary in the labo-
ratory frame, y1 ∼ -1. Hadley & Imamura (2011) clas-
sified these slow m = 1 modes as I+ modes. Around
r−/r+ ∼ 0.3, a faster growing m = 1 mode with faster
oscillation frequency, y1 ∼ 1, appears. Corotation for
these fast m = 1 modes sits inside the inner radius of
the disk leading to their classification as I− modes.
The extent to which toroids serve as the limiting case
for high disk mass systems is shown by the M∗/Md =
0.01 system. The only difference seen for the m ≥ 2
modes is that the transition from the I+ to J modes
moves to slightly larger r−/r+ when M∗/Md = 0.01.
Toroids are the limiting case for m ≥ 2 modes. For m
= 1 modes, however, qualitative differences arise. For
the M∗/Md = 0.01 system, m = 1 modes show faster
growth rates than those shown by toroids and are the
dominant mode for r−/r+ up to 0.50-0.60. They are
nearly stationary in the laboratory frame with y1 sim-
ilar to, but smaller than those for the toroid m = 1
modes. The y1 do not, however, show a jump as r−/r+
increases. The y1 values remain close to -1 for all r−/r+.
The presence of the star qualitatively alters the proper-
ties of m = 1 modes even for this low M∗/Md system.
Similar results and conclusions are reached when the
toroid results are compared to less massive disk sys-
tems, e.g., the M∗/Md = 0.1 system.
3.3.2 M∗/Md ≈ 1
For systems where Md and M∗ are comparable, the
effects on the m = 1 mode are larger because the gravi-
tational potential of the star and disk have comparable
strengths. These are exhibited by modes O1-O6 of Ta-
ble 4 and Figure 7 as well as the middle region of figures
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Fig. 8 m = 1 modes in Kepler-like disks withM∗/Md = 0 to 5 and r−/r+ = 0.101, models O7 to O11 from top-to-bottom.
The bottom panel shows a slow retrograde mode nearly stationary in the laboratory frame. It strongly resembles the m
= 1 mode found in toroids (top panel). We show δρ and W amplitudes and phases, ∂tσ, and δJ. For the eigenfunctions,
the blue curve is for δρ/ρ◦ and the red curve for W. For the ∂tσ, the Reynolds stress is the red curve, the gravitational
stress the blue curve, and the acoustic stress the magenta curve. For the perturbed energies, the kinetic energy is the blue
curve and the enthalpy the red curve. For the first column, the ratios of the unnormalized maximum values for |δρ|/|W|
are 214.83, 172.63, 121.05, 28.12 and 6.61, respectively, from top-to-bottom.
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Fig. 9 m = 1 modes for disk models O12 to O15. The systems have q = 1.8 and r−/r+ = 0.1 for M∗/Md = 0.01, 0.1, 0.5,
and 1, from bottom-to-top. The bottom two panels show m =1 A modes. We show δρ and W amplitudes and phases, ∂tσ,
and δJ. For the eigenfunctions, the blue curve is for δρ/ρ◦ and the red curve for W. For the ∂tσ, the Reynolds stress is the
red curve, the gravitational stress the blue curve, and the acoustic stress the magenta curve. For the perturbed energies,
the kinetic energy is the blue curve and the enthalpy the red curve. For the first column, the ratios of the unnormalized
maximum values for |δρ|/|W| are 115.97, 71.61, 23.95 and 11.51, respectively, from top-to-bottom.
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14 and 15. Althoughm = 1 modes dominate low r−/r+
disks, as they did for the M∗/Md < 0.1 disk systems,
they show different character. The M∗/Md ≈ 1 sys-
tems show two types of m = 1 modes: (i) for q = 1.5,
the oscillation frequency y1 shows a humped structure
between r−/r+ = 0.05 and 0.3-0.4 where it first rises
from -0.5 to -0.25 and then returns to -0.5. The growth
rate y2 rises from 0.25 to 0.4 and then falls to 0.3 over
this range. Similar behavior is seen for the q = 1.75
and 2 systems except that the upper end of the hump
moves to larger r−/r+ as q increases. (ii) For r−/r+
> 0.3-0.4, the character shown by the m = 1 mode y1
and y2 is similar to that shown by the m = 1 modes
of the M∗/Md = 0.01 and 0.1 systems; y2 starts small
and then slowly increases to ∼ 0.4, and y1 smoothly
falls from -0.5 to -1 as r−/r+ increases. Both types of
m = 1 modes show rco outside r◦ and are classified as
I+ modes.
The m ≥ 2 J modes also show strong changes as
M∗/Md increases but here it is because self-gravity
weakens. Effects of weaker self-gravity are apparent
by the M∗/Md = 1 systems. We find that: (i) the
r−/r+ where y1 makes the transition from ∼ -1 to 0,
the change that marks the transition from I+ modes to
J modes, moves to larger r−/r+ as M∗/Md increases
for the m = 2 modes. By the M∗/Md = 1 sequence,
the transition has disappeared altogether. J modes are
never dominant for systems where the star and disk
masses are comparable. (ii) The slow m ≥ 2 I+ modes
become dominant starting around r−/r+ ∼ 0.3-0.4 giv-
ing way to m = 3 and m = 4 I+ modes as r−/r+ in-
creases. Even though there is always only one dominant
mode, all m ≥ 2 modes grow quickly and several modes
may play roles in nonlinear simulations. (iii) At large
r−/r+, r−/r+ & 0.6, a fast m = 2 I
− mode appears
which dominates the disks. (iv) For q = 2 disks, a fast
m = 2 mode also appears at small r−/r+. The mode
is only weakly unstable and not expected to play a sig-
nificant role in nonlinear simulations. These fast m =
2 modes do not arise in q = 1.5 and 1.75 disk systems.
Overall, we find dependence on q but that the depen-
dence is weak in systems where M∗ ≈ Md.
3.3.3 M∗/Md ≫ 1
The character of instability changes and its dependence
on q becomes stronger in the M∗/Md ≫ 1 regime, the
NSG disk regime. This is explored in Figures 12 and 11,
with detailed plots for elements O11 and O16 of Table
4. These form the righthand side of Figures 14 and 15.
To explore these effects, we begin by showing y1
and y2 values for the m = 1 and 2 modes of q = 2
disks for disks with M∗/Md = 10 to 10
3 and for NSG
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Fig. 10 Oscillation frequencies, y1 and growth rates, y2,
for m = 1, 2, 3, and 4 modes for q = 1.5, high disk mass
systems, M∗/Md = 0.0, 0.01, and 0.1 from bottom-to-top.
The m = 1 modes are shown by blue solid lines and crosses,
m = 2 modes by red dotted lines and Xs, m = 3 modes by
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generally follow their own scheme (see 3.2.4).
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disks in Figure 13. We first describe the NSG disk re-
sults. In the NSG limit, m = 1 and 2 modes show
two distinct behaviors. For small r−/r+, the modes are
weakly unstable, with y2 < 0.05, but have fast oscilla-
tion frequencies, y1 ≈ 1 to 2 for both m = 1 and 2. At
higher r−/r+, a second type of mode appears, one with
smaller oscillation frequency, y1 ∼ 0, and faster growth
rate, y2 > 0.14-0.15. The transition falls at r−/r+ ≈
0.28 and 0.5 for the m = 1 and 2 modes, respectively.
The growth rate y2 grows, peaks at higher r−/r+, and
then smoothly falls off approaching zero at large r−/r+.
The peaks fall at r−/r+ = 0.55 and 0.6 for m = 1 and
2 modes, respectively. This behavior is shown by the
other low-m modes differing only in the r−/r+ where
the transition lies, r−/r+ = 0.62 and 0.7 for m = 3 and
4, respectively. Below the transitions, the instabilities
are classified as edge modes. Above the transitions,
they are classified as P modes (see §4.2).
The y1 and y2 values for theM∗/Md > 100 disks con-
verge asM∗/Md increases. Their dependence on r−/r+
qualitatively follows that shown by NSG disk models for
r−/r+ > 0.3; NSG disks are not self-consistent below
r−/r+ ∼ 0.3. For m = 1, the first quantitative differ-
ences for systems with decreasingM∗/Md appear in the
M∗/Md = 100 sequence where the y2 fall below those of
larger M∗/Md sequences at r−/r+ > 0.7. Differences
are noticeable for all r−/r+ in the M∗/Md = 10 se-
quence where the peak growth rate, y2 = 0.28, falls at
r−/r+ ∼ 0.40 close to where peak falls for the higher
M∗/Md sequences but the growth rate is roughly twice
as large. In line with this, the M∗/Md = 1 growth rate
is about twice as large at for the M∗/Md = 10 model.
Form = 2 similar behavior is seen in that the sequences
converge toward the NSG results as M∗/Md increases
but significant differences appear as early as theM∗/Md
= 500 sequence for r−/r+ > 0.7.
For q = 1.75 disks, the m = 1 mode shows the high
growth rate region, but the peak growth rate is smaller
than for q = 2 disks. The weak growth rate regime seen
for q = 2 disks does not appear in q = 1.75 disks. For
q = 1.5 disks, the m = 1 mode does not show the high
growth rate regime, rather it shows only a weak growth
rate region at r−/r+ < 0.15, where it has very small
oscillation frequency, y1 ∼ -1. These slow m = 1 modes
are unstable for M∗/Md & 5 to the NSG regime, with
slow oscillation frequency, |ω1| ≪ Ω◦ (Kato 1983) and
may be retrograde or prograde depending on r−/r+.
This behavior is not shown by q = 2 systems. For
higher m modes, y1 values decline as r−/r+ increases
with a transition to higher values for m = 2 at r−/r+
= 0.70. The m = 2, 3, and 4 modes are unstable for
r−/r+ > 0.5 for the q = 1.75 models. The m = 2 mode
dominates q = 1.5 models for r−/r+ ∼ 0.10 to 0.60 and
the m = 3 and 4 modes dominate for r−/r+ ≥ 0.65.
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Fig. 13 Comparison of the eigenvalues y1 and y2 for the
(a) m = 1 mode (left column), and (b) m = 2 mode (right
column) for q = 2 NSG disks and M∗/Md = 10, 100, 250,
500, 750, and 103 disk systems.
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3.3.4 Summary of Eigenvalue Results
Our results are highlighted in Figure 14 where we show
y1 and y2 values as well as equilibrium parameters η
and p for q = 1.5 disks, and in Figure 15 where we do
the same for q = 2 disks. Our results are summarized in
Figures 16 to 18 where we show the dominant modes for
q = 1.5, 1.75, and 2 disks. Star/disk systems are gen-
erally unstable. For q = 2 disks, which have a Toomre
Q parameter of zero, m = 1 modes usually dominate.
Multi-armed modes, m ≥ 2, are only dominant at large
r−/r+, with some exceptions. Similar behavior is seen
in the q = 1.75 and 1.5 disks except that the range over
which multi-armed modes dominate covers more of pa-
rameter space. For q = 1.5 disks, the region stretches
from high r−/r+ to r−/r+∼ 0.1 for systems with mod-
erate to low disk mass, M∗/Md ≈ 1 to 20. Protostellar
and protoplanetary disks are expected to show nearly
Keplerian rotation with M∗/Md ≈ 1 to 20 and are thus
expected to be dominated by m = 2, 3, and 4 modes.
If they, however, are closer to constant specific angu-
lar momentum disks, q = 2 disks, they are are then
expected to be dominated by m = 1 modes.
The instability regimes for multi-armed modes in
(r−/r+,M∗/Md) space track the strength of self-
gravitational effects as measured by the parameter p
(independent of q). In Figures 14 and 15, mode type
boundaries have been overlaid on p which clearly show
this. The most unstable are the J modes in the upper
left hand corner, where p is largest.
Moving away from this corner we encounter I modes.
At m = 2 they are present for r−/r+ ≥ 0.30 and
M∗/Md ≤ 10, excluding the J mode region itself. At
lower r− we observe I
+ modes with corotation outside
density max. At higher r−/r+ we observe I
− modes
with corotation well inside density max.
A stable region with y2 ∼ 0 exists between I− and the
J modes, in a short arc sweeping from r−/r+ ≈ 0.425,
M∗/Md = 0.01 to r−/r+ ≈ 0.475, M∗/Md = 0.05. A
second long arc of stability sweeps through parameter
space from 0.1 ≤ r−/r+ ≤ 0.20, 0.01 ≤ M∗/Md ≤ 0.1
to r−/r+ ≈ 0.70, 17.5 ≤ M∗/Md = 50. The two arcs
roughly follow p ≈ 7.5 and 3. In the y1 plots in Figures
14 and 15 we see that these stable regions are where
the dominant mode type changes. Sometimes, as in the
transition from J to I+, there is no “forbidden region”
and the transition is marked by more subtle changes in
the growth rates.
For one-armed spirals, m = 1 modes, the instability
regimes more closely follow the constant η curves than
constant p curves. One-armed spirals are more unstable
at large η than small η. For q = 2 disks, a tongue of
weak instablity extends from intermediate M∗/Md to
highM∗.Md at intermediate r−/r+. This feature is not
prominent in q = 1.5 disks and is somewhat present in
q = 1.75 disks. Outside of this feature, the instability
regimes for the m = 1 modes are similar for q 1.5, 1.75,
and 2 disks. This does not mean the same types of
m = 1 modes populate the regions, however. For q =
1.5 disks, m = 1 modes are slow for small M∗/Md and
nearly stationary for large M∗/Md. For q = 2 disks, m
= 1 modes are also slow for small M∗/Md, but show
faster modes, modes with corotation near r◦ and just
outside r◦ at large M∗/Md. For Keplerian disks, q =
1.5 disks, m = 1 modes show rco just outside r◦ for
systems with small r−/r+ and M∗/Md ≈ 0.5-3.
We show the growth rates, y2, as functions ofM∗/Md
for r−/r+ = 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6 in Figure 19.
For r−/r+ = 0.1, we see that m = 1 dominates models
with M∗/Md < 10 and shows comparable growth rates
for high M∗/Md models. As r−/r+ increases, higher
order m modes increase their growth rates, overtaking
m = 1 modes at r−/r+ = 0.5 and 0.6. At high r−/r+,
we see the growth rates cascading upward in m for small
M∗/Md.
3.4 Angular Momentum Transport
The spiral arms in nonaxisymmetric disk modes exhibit
both leading and trailing nature. This suggests that
gravitational torques resulting from disk instabilities
can manifest themselves through transport of angular
momentum inward and outward through disks. Disks
dominated by I and P modes show Reynolds stress
torques which can dominate gravitational torques. For
these cases, angular momentum transport is not deter-
mined by whether the gravitational perturbation leads
or lags the density perturbations. Locally defined trans-
port is expected. Here, we analyze torques for selected
disk models. Transport is studied in the quasi-linear
(QL) approximation using a model developed from the
equation of conservation of angular momentum in its
conservative form (e.g., Shariff 2009).
We form the torque density,
N = r× f (39)
where f, the force density is given by
f = ∂t(ρv) = −∇ · S. (40)
In f, S is the stress tensor which has the form
S = ρvv + P + 1
4πG
(
∇Φg∇Φg − 1
2
I∇Φg · ∇Φg
)
,
(41)
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Fig. 14 Oscillation (y1) and growth rate (y2) eigenvalues, η and p for q = 1.5 disks. η contours step by .1, p contours
step by 1 (smallest p ≈ .5). Regions without a resolved pattern frequency are whited out. For m = 2 at M ∗ /Md > 30, the
boxed regions extrapolate stable, I+ and I− modes, bottom to top, based on 0, 3 and 3 unstable models respectively.
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Fig. 15 Oscillation (y1) and growth rate (y2) eigenvalues, η and p for q = 2 disks. η contours step by .1, p contours step
by 1 (smallest p ≈ .05). Regions without a resolved pattern frequency are whited out.
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Fig. 16 Dominant modes in (r−/r+,M∗/Md) space for q
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crosses, m = 2 red Xs, m = 3 blue asterisks, and m = 4
black squares. Stable models are filled black squares. Note
that the large m = 2 I+ region showed numerical difficulties
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where P is the pressure tensor and I is the unit tensor.
The z-component of N is responsible for radial angular
momentum transport and is given by
Nz = ∂t(ρvφ̟) = −∇ · (ρvφ̟v)− ρ∂φΦg. (42)
The Reynolds stress is in the first term on the right
hand side of Equation 42. The gravitational torque,
composed of the disk self-interaction torque and the
star-disk coupling torque, is the last term in the right
hand side of the equation. The azimuthal pressure gra-
dient term integrates to zero in our approximation.
Quasi-linear forms for the torque are found from sub-
stitution of
ρ = ρ◦+δρe
imφ,v = v◦e
imφ, and Φg = Φg,◦+δΦge
imφ
(43)
into Equation 42. The gravitational self-interaction
torque over the annulus between ̟ and ̟ + ∆̟ is
Γg = mπ
∫ Z∗
−Z∗
dz
∫ ̟+∆̟
̟
|δρ||δΦ|sin(φρ − φΦ)̟d̟
(44)
where φρ and φΦ are the phases of the density and grav-
itational perturbations (Imamura, Durisen, & Pickett
2000). The Reynolds stress arises from coupling of the
azimuthal and radial velocity perturbations. The ra-
dial flux of angular momentum carried by waves is the
Reynolds stress integrated over the cylindrical surface
with radius ̟,
FR = π
∫
ρ◦|δv̟||δvφ|cos(φvφ − φv̟ )̟2dz (45)
(e.g., see Shariff 2009). The Reynolds stress torque
on the volume between ̟ and ̟ + ∆̟ is ΓR = -
FR(̟ + ∆̟)+FR(̟). The Γg and ΓR are calculated
using eigenfunctions normalized such that
Mm =
∫
|δρ|d3x = 1. (46)
The torques scale asM2m for arbitrary δρ and are given
in units of Γ◦ = J/τ◦ where J is the total angular mo-
mentum. The characteristic angular momentum trans-
port time,
τΓ =
Jz(̟)
Γm
(47)
where Jz(̟) is the z-component of the angular momen-
tum in the annulus [̟,̟ +∆̟],
Jz(̟) =
∫ 2π
0
dφ
∫ Z∗(̟)
−Z∗(̟)
dz
∫ ̟+∆̟
̟
zˆ · (r× ρv)̟d̟,
(48)
Z∗(̟) is the vertical height of the disk at given ̟, Γm
= Γg + ΓR and τΓ is given in units of τ◦. Properties of
models selected for presentation are described in Tables
1 to 5 with their Γg, ΓR, δJ, and τΓ shown in Figures
20 to 27. We designate the smallest radius where τΓ =
τ◦ as r1,− and the next radius where τΓ = τ◦ as r1,+.
In Table 5, the regions in the disks where τΓ < τ◦, r
< r1,− and r > r1,+, and the mass contained in those
regions, m1,− and m1,+, the radius at which the first
sign change in Γm falls, rΓ, and the mass inside that
radius, mΓ are given.
3.4.1 m = 4 J Mode
J modes are dominated by the gravitational stress Γg.
The τΓ, δJ, Γg, and ΓR for a representative J mode,
the dominant m = 4 J mode for the M∗/Md = 0.01,
q = 1.5, r−/r+ = 0.402 disk, Model J1, are shown in
Figure 20. The eigenvalues for m = 4 mode are (y1, y2)
= (-0.378,0.576). Corotation sits at 1.068 r◦. The inner
Lindblad radius rilr falls near an extremum in Γm while
rolr is near r+. The gravitational torque, Γg is negative
inside ∼ r◦ and positive outside ∼ r◦. δJ and Γm also
both change sign near r◦. Although the total torque Γm
is dominated by Γg, the Reynolds stress torque ΓR is
not negligible in the inner half of the disk. The torque
is strong in this disk and the disk expected to spread on
time scales of ∼ τ◦ as instability approaches M4 ∼ 1.
Material with inflow times < τ◦ fall at radius< 0.848r◦,
a region which contains 12 % of the disk mass and for
r > 1.24r◦, a region which contains 12 % of the disk
mass. The sharp peak in τΓ indicates where Γm goes to
zero. Because this is a discrete calculation, the exact
zero is stepped over in our simulation and the peak
has finite amplitude. The narrow peak in the transport
time indicates that only matter close to the zero in Γm
will remain relatively stationary as the disk evolves. Up
to 44 % of the disk mass has flow time less than 2 τ◦ at
saturation. The perturbed angular momentum δJ and
Γm follow each other’s behavior suggesting that how
and where instability is driven follows from Γm. Several
other modes in this disk model are also unstable and,
in fact, the dominant mode is not the m = 4 J mode
but, rather, it is an m = 1 I+ mode (see §3.4.5).
3.4.2 m = 2 I− Mode
The τΓ, δJ, Γg, and ΓR for the m = 2 I
− modes for the
q = 1.5 disks with M∗/Md = 0.1 and r−/r+ = 0.402
and M∗/Md = 5 and r−/r+ = 0.602, Models I1 and
I2, respectively are shown in Figure 21. For Model I1,
corotation sits inside r− for this disk and rolr sits near
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Table 5: Mass Transport Properties
Model Mode r(1,−)/r◦,m(1,−) r(1,+)/r◦,m(1,+) rΓ/r◦,mΓ
J1 m=4 J 0.85,0.12 1.24,0.12 1.02,0.44
J1 m=1 I+ 0.69,0.0053 1.11,0.36 0.77,0.040
I1 m=2 I− 0.84,0.023 1.14,0.090 1.07,0.71
I2 m=2 I− 0.80,0.0023 1.25,<0.001 0.96,0.28
I4 m=2 I+ 0.83,0.10 1.29,0.071 1.07,0.73
I5 m=2 I+ 0.71,0.050 1.32,<0.001 0.76,0.0060;1.08,0.33
O13 m=1 A 1.37,0.16 3.90,0.004 1.75,0.34
E1 m=2 Edge 0.73,0.0032 5.4,<0.0001 1.12,0.056
P2 m=2 P 0.79,0.0043 1.42,0.0050 1.09,0.51
O16 m=1 P 0.85,< 0.0001 1.21,< 0.0001 1.02,0.51
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Fig. 20 The τΓ, δJ, Γg , and ΓR for the m = 4 J mode of
the M∗/Md = 0.01, q = 1.5, r−/r+ = 0.402 disk, model J1.
r◦ which is around where Γg peaks. Γg is negative in
the inner part of the disk and positive in the outer part
of the disk. The Reynolds stress dominates overall, but
the gravitational stress cannot be ignored. The general
shapes of Γm and δJ are similar, strongly negative in
the inner half of the disk and positive in the outer half of
the disk. The zero of Γm lies at 1.07 r◦, a region which
contains 71 % of the disk mass. The disk transport
times are generally long. Material with inflow time < τ◦
falls within radius r < 0.84 r◦, a region which contains
2.3 % of the disk mass and material with outflow time
< τ◦ fall outside radius 1.14 r◦ a region which contains
9 % of the disk mass. The similar forms for δJ and Γm
support the suggestion that Γm indicates where and
how instability is driven. For the I− mode of Model
I2, Γg changes character. Γg is negative near the inner
and outer edges of the disk and positive around r◦.
ΓR tracks δJ more closely than does Γg. Instability is
driven primarily by ΓR although Γg is not negligible.
For this mode only 28 % of the disk mass falls within
the sign change in Γm with only 0.23 % of the disk mass
having inflow time < τ◦. This disk model is expected
to evolve only slowly.
3.4.3 m = 2 I+ Mode
The δJ, τΓ, Γg, and Γg for the m = 2 I
+ mode from
q = 1.5 disks, and M∗/Md = 7 and r−/r+ = 0.5, and
M∗/Md = 0.2 and r−/r+ = 0.602, Models I5 and I4,
respectively are shown in Figure 22. For Model I5 coro-
tation sits outside r◦ just inside r+. The δJ differs qual-
itatively from that in the I− mode. δJ is positive in the
inner and outer thirds of the disk and negative in the
central region of the disk. The Reynolds stress and
gravitational stress are both important for this mode,
however, Γg tracks δJ more closely than does ΓR. Γg
is positive in the inner and outer thirds of the disk and
negative in the middle portion of the disk. Near the
inner edge of the disk, r < 0.71 r◦, the transport will be
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outward on times less than τ◦. It is possible that the in-
ner 0.05 % of the disk mass inihibits accretion onto the
star. Between 0.76 and 1.08 r◦, a region which contains
two-thirds of the disk mass, Γm < 0 and the material is
expected to flow inward. Outside 1.08 r◦, Γm changes
sign again and we expect the outer third of the disk
mass to flow outward. The results for the I+ mode for
the small M∗/Md disk, model I4 are more similar to
those for the I− mode. The I+ mode results discussed
here and the I− mode results discussed in §3.4.2 sug-
gest that the properties of I modes are more strongly
affected by M∗/Md than by whether they are an I
− or
an I+ mode.
3.4.4 m = 2 P & Edge Modes
The evolution of P modes and edge modes is expected
to be qualitatively different from that of J modes and
to show differences in detail from I modes. We show
Γg, ΓR, τΓ, and δJ for representative m = 2 modes of
an M∗/Md = 10
2, q = 2, system with r−/r+ = 0.5
and 0.101, Models P2 and E1, in Figures 23 and 24.
The small r−/r+ disk shows an edge mode and the
larger r−/r+ disk shows a P mode. First consider the
P mode. The Reynolds stress dominates the disk, the
gravitational stress is negligible for this mode. Γm is
strongly negative in the inner region of the disk, de-
creasing angular momentum and driving the inner disk
inward. Material inside r = 0.80 r◦ (the inner 0.5 %
of the disk mass) has inflow time < τ◦. The region
where Γm < 0 ends at r = 1.09 r◦ (and contains 51
% of the disk mass). The stress is weak most of the
disk has τΓ > τ◦. Comparison of δJ and Γm suggests
that, although δJ changes sign slightly outside where
Γm changes sign their shapes are nearly the same, sug-
gesting that Γm once again indicates where and how
instability is driven.
Edge modes are dominated by the Reynolds stress
with the total stress Γm strongly negative near the in-
ner edge of the disk as can be seen in Figure 24 where
we show τΓ, δJ, Γg, and ΓR for an m = 2 edge mode for
an M∗/Md = 10
2, q = 2, r−/r+ = 0.101 disk, Model
E1. The bottom panel shows the Γ plotted on the same
axes. The next panel up shows Γg on rescaled axes to
show its form compared to ΓR. The transport time is
smallest near the inner edge of the disk where for ma-
terial inside r = 0.73 r◦ (0.32 % of the disk mass) the
inflow time < τ◦. The region inside the first zero of Γm
contains only 5.6 % of the disk mass, it does contain
the density maximum, however. Based on quasi-linear
modeling, we expect rapid accretion of 0.3 % of the disk
mass to occur; the bulk of the disk mass will not take
part. The angular momentum perturbation δJ and Γm
vary together for the most part. There are differences,
however, and the case for direct correlation is less com-
pelling. As also true for P modes, instablility for this
multi-armed mode is driven by the Reynolds stress.
3.4.5 m = 1 I+, A, and P Modes
The τΓ, δJ, Γg, and ΓR for the dominantm = 1 I
+ mode
from the M∗/Md = 0.01, q = 1.5, and r−/r+ = 0.402
disk, Model J1, are shown in Figure 25. The mode is
slow with (y1, y2) = (-0.986,1.210) so that rco > r+.
Γg and ΓR both play roles in the torque, however, ΓR
dominates outside r◦ while Γg and ΓR are comparable
in magnitude in the inner half of the disk. Similarly
to the I− and I+ multi-armed modes, ΓR is positive in
the inner region of the disk. The large Γg in the inner
half of the disk arises even though this is an I+ mode
because of the star/disk couple. We find that Γm is
negative over most of the disk because of the star/disk
couple. The inner region of the disk, r < 0.69 r◦ with
mass 5 × 10−3, feels positive torque and not expected
to accrete onto the star. For r > 0.76 r◦ which contains
96 % of the mass of the disk, the torque is negative
and material is expected to flow inward. The angular
momentum lost by the disk drives orbital motion of the
star about the center-of-mass of the system. However,
the outer 36 % of the disk mass will flow inward on time
scales < τ◦ tending to narrow the disk. The perturbed
angular momentum δJ is positive in the inner region of
the disk similarly to the earlier I+ mode discussed in
contrast to the other cases shown where δJ < 0 near
the inner edge of the disk. Comparison of δJ and Γm
suggests that, although δJ changes sign slightly outside
where Γm changes sign, their similarity indicates that
Γm shows where and how instability is driven.
A modes arise in q ∼ √3 systems with M∗/Md ∼ 0.5
to 5, and small r−/r+. We did not find A modes in q =
1.5 and 2 systems. Γg, ΓR, τΓ, and δJ for the M∗/Md
= 1, q = 1.8 disk with r−/r+ = 0.101 disk, Model O13,
are shown in Figure 26 For this mode, corotation sits
outside r◦ similar to I
+ modes and similar to I+ modes,
ΓR is positive in the inner region of the disk and Γg
and ΓR are competitive in this disk with Γg dominat-
ing near the inner edge of the disk while ΓR plays a
more important role in the middle to outer regions of
the disk. The overall torque is generally negative and
the disk loses angular momentum to the central star.
As noted earlier, the mode is slow with rco/r◦ = 1.53
and Lindblad outer resonance at rolr/rco = 2.01. The
transport time for the A mode is short; inside r = 1.37
r◦ the inflow time is < τ◦ a region which contains 16
% of the disk mass. The region which has Γm < 0 is
within r < 1.75 r◦ with contains 34 % of the disk mass.
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Fig. 21 The τΓ, δJ, Γg, and ΓR for the m = 2 I
− mode for q+ 1.5, r−/r+ = 0.602 disks with M∗/Md = 0.1 and 5, Models
I1 (left column) and I2 (right column), respectively.
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Fig. 22 The τΓ, δJ, Γg, and ΓR for the m = 2 I
+ modes for q = 1.5 disks with M∗/Md = 7, and r−/r+ = 0.5, Model I5
(left column). M∗/Md = 0.2 and r−/r+ = 0.402, Model I4 (right column).
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Fig. 23 The τΓ, δJ, Γg, and ΓR for the m = 2 P mode in
the M∗/Md = 100, q = 2, r−/r+ = 0.5 disk, model P2.
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Fig. 24 The τΓ, δJ, Γg, and ΓR for the m = 2 edge mode
in the M∗/Md = 100, q = 2, r−/r+ = 0.101 disk, model E1.
The angular momentum transport time, τΓ < 2-3 τ◦
over much of the disk and disk spreading is expected as
the nonlinear regime is approached. Comparison of δJ
and Γm suggests that, although δJ changes sign slightly
outside where Γm changes sign, their general similarity
indicates that Γm shows where and how instability is
driven.
We show Γg, ΓR, τΓ, and δJ for a disk with large
M∗/Md, Model O16, in Figure 27. The mode has
(y1, y2) = (-0.0222,0.134) and corotation sits near r◦.
We classify the mode as a P mode. It is different from
other P modes because even though the disk is dom-
inated by ΓR, Γg is not negligible. Self-gravity is not
negligible likely because the disk is narrow, r−/r+ =
0.70; the inner edge of the disk sits far from the star
and so is less affected by the star’s tidal field. Γm is
strongly negative inside r◦ and positive outside r◦ sug-
gesting that the disk will have a tendency to spread as
instability grows. However, Γm is weak and < 0.01 %
of the mass is expected to flow inward and outward on
timescales of τ◦ as M1 approaches 1. The disk does
not tend to redistribute angular momentum efficiently
as nonlinearity is approached. Comparison of δJ and
Γm suggests Γm again offers support for the suggestion
that Γm indicates where and how instability is driven.
4 DISCUSSION
4.1 Comparison to Previous Work
The work most directly comparable to ours is that of
Woodward, Tohline, & Hachisu (1994, WTH). WTH
performed nonlinear simulations of (n, q) = (1.5,2)
disks; 15 simulations with full 2π coverage in azimuth
to study m = 1 modes and 19 simulations with π-
symmetry to study even m modes. WTH modeled
star/disk systems with M∗/Md = 0.2, 1, and 5 and
repeated seven toroid (M∗/Md = 0.0) simulations re-
ported by Tohline & Hachisu (1990) (see also Hadley &
Imamura 2011). WTH usually used numerical grids of
size 64×32×64, radial×vertical×azimuthal zones. For
some narrow disks, WTH used 128×32×64 resolution.
For our simulations, we typically used grids of dimen-
sion, radial × vertical zones, given by 512 × 512. For
some models we used grids as large as 1, 024 × 1, 024.
Because of the difference in zoning, we opted for r−/r+
values which produced disks that matched the T/|W |-
values given in WTH rather than matching r−/r+ val-
ues. Figure 28 shows comparisons for the y1 and y2
values. Overall, the agreement is good. Differences,
when they arise, are quantitative in nature.
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Fig. 25 The τΓ, δJ, Γg, and ΓR for the m = 1 I
+ mode
in the M∗/Md = 0.01, q = 1.5, r−/r+ = 0.402 disk, model
J1.
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Fig. 27 Q8 τΓ, δJ, Γg, and ΓR for an m = 1 P mode in
an M∗/Md = 100, q = 2, r−/r+ = 0.7 disk, model O16.
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We begin our comparison with them= 1 results. For
the lowest star mass case, M∗/Md = 0.2, the eigenval-
ues agree to within 10 % and the eigenfunction phase
plots are similar exhibiting edge-like mode character
through T/|W | ∼ 0.22 after which the phase plots take
on characteristics associated with I and P modes. How-
ever, the existence of P modes for M∗/Md = 0.2 disks
would be surprising because even weak self-gravity has
been shown to suppress P modes (Goodman & Narayan
1988). The low oscillation frequency measured for the
modes, y1 ∼ −0.7, places corotation radius well out-
side r◦, in contrast to massive star systems and non-
self-gravitating disks where we find that corotation sits
near r◦. For NSG disks where P modes are unam-
biguously identified, even for the system with a very
wide disk, r−/r+ ∼ 0.4, the oscillation frequency y1
= -0.16. NSG narrow disks where r−/r+ > 0.6, show
y1 < −0.1. That is, even for cases where corotation
does not sit precisely at r◦, corotation is still close to r◦
for small T/|W | and approaches r◦ as T/|W | increases
in NSG systems. These results suggest that the modes
in SG systems are I+ modes, not P modes. Our results
and those of WTH are in good agreement. For the
higher star mass sequence, M∗/Md = 1 sequence, we
find similarly good agreement. We again see edge-like
mode behavior at low T/|W |, persisting to T/|W | =
0.253. Beyond T/|W | = 0.253, the disturbance again
takes on the appearance of an I and/or P mode. By
r−/r+ ∼ 0.6, where T/|W | ∼ 0.42, the phase diagram
strongly resembles that for modes in NSG disks. The
y1 are, however, still small, -0.36. Although the modes
have appearances of P and/or I modes, because coro-
tation falls well outside r◦ we identify the modes as I
+
modes. Our results forM∗/Md = 1 match closely those
of WTH. The results for the M∗/Md = 5 sequence are
not in as good quantitative agreement. However, direct
comparison of our work to that of WTH for M∗/Md =
5 models is difficult because the nonlinear simulations
of WTH were only in the linear regime for, at most, a
couple of rotation periods.
Consider next the results for m ≥ 2 modes. Start
with theM∗/Md = 0.2 sequence. Our results and those
from WTH agree well. Both indicate a stable model at
T/|W | = 0.22, an unstable leading phase shift I mode
at T/|W | = 0.26, changing to a trailing arm I mode at
T/|W | = 0.29. The plot of the comparison of y1 and
y2 values for m = 2, M∗/Md = 1 sequences are similar
with our y2 values approximately 10 % larger in magni-
tude than those in WTH. Also, our y1 values are close
to those in WTH and indicate that corotation is near
the inner edge of the disk. The WTH phase plot for
the T/|W | = 0.422 is not well resolved and is difficult
to use for comparison (Woodward 1994). Our linear
model took 10 τ◦ to settle into a mode and the nonlin-
ear calculation had organized and saturated before that
much time had elapsed. There were discrepancies in the
last sequence of models, the M∗/Md = 5 sequence. To
clarify the situation, we added results for disk systems
over a wider range in T/|W | than considered by WTH
to the comparison plot. We see that the discrepancies
arise in the region where a mode change occurs. In
fact, the eigenvalues for the T/|W | = 0.42 and 0.43
models have been indicated to be uncertain by WTH,
with the modes identified as L modes.2 The phase plots
of these models (Woodward 1994) are hard to compare
with ours, but we agree that corotation lies nearly at
r◦. Our eigenfunction plots in this region indicate a
small second dip just beginning to emerge. Such a fea-
ture would not be visible in the phase plots of WTH
which are too noisy (see Woodward 1994). The next
two higher T/|W |models considered by WTH were also
classed by them as L modes with no uncertainty indi-
cated in their growth rates. However, growth in these
models saturated at low amplitude. Our calculations
for these two models disagree. We find that m = 2
modes in these models are stable showing no hint of
growth after 40 τ◦. The last three models qualitatively
agree between the studies as far as the I mode nature of
the plots and the values of the growth rates. There is
agreement in the y1 values for the T/|W | = 0.46 model
while the other y1 values were not reported by WTH.
We investigate this regime in a later paper where in a
larger study we apply our linear and quasi-linear theo-
ries and nonlinear modeling to study the early nonlinear
behavior in a wide range of disk models unstable to I,
J, P, edge, and m = 1 modes in order to determine
how they manifest themselves in the nonlinear regime
in terms of their angular momentum transport proper-
ties (Hadley et al. 2013).
4.2 Be Stars
Be stars are emission line systems composed of rapidly
rotating Main Sequence B type stars with circumstellar
disks (e.g., see Okazaki 1997). In general, they exhibit
double-peaked hydrogen emission lines indicating the
existence of circumstellar disks. Further, several Be
star systems show long-period quasi-periodicity in the
relative intensity of the violet (V) and red (R) compo-
nents of their double-peaked emission lines. The V/R
quasi-variability occurs on periods ranging from years
2 WTH suggested that some star/disk systems exhibited super-
critical stability (Landau & Lifshitz 1987, Drazin & Reid 2004) in
that some linearly unstable modes would saturate at low ampli-
tudes and not disrupt the systems. WTH referred to these modes
as L modes.
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Fig. 28 The m = 1 and 2 eigenvalue comparison for disk sequences with n = 1.5, q = 2 and M∗/Md = 0.2, 1, and 5.
Our eigenvalues are the green line symbols and those from WTH are marked by the red dashed-line symbols.
to decades with a statistical mean on the order of 7
y, a period much longer than the rotation periods of
the stars and much longer than the orbital periods of
material in typical circumstellar disks unless the disks
extend to great distances from the Be star. A model
proposed for the V/R variability was the excitation of
m = 1 modes in nearly Keplerian disks (e.g., Kato
1983). Typically, the excitation mechanism for such
m = 1 modes has not been identified except for binary
star systems where tidal forcing due to the companion
could drive m = 1 modes and for massive disk systems
where coupling between the disk and central star could
drive oscillations (e.g., Adams, Ruden, & Shu 1989).
Optical interferometric observations have indicated the
existence of progradem = 1 modes in the binary Be star
system ζ Tau (Vakili et al. 1998), and the early-type
Be star system γ Cas (Berio et al. 1999) while the disks
are in Keplerian motion (e.g., see Vakili, Mourard, &
Stee 1994).
Early theoretical work on the m = 1 modes of nearly
Keplerian disks showed that pressure forces naturally
led to low-frequency retrograde modes (Kato 1983,
Okazaki 1991). Later works showed that a gravitational
quadrupole moment (as expected for the rapidly rotat-
ing stars in Be systems) overcame pressure effects and
led to disks with prograde m = 1 oscillations. Okazaki
(1997) argued that such a solution was viable only for
late-type Be star systems where disks were likely to
be cold. The early-type γ Cas system required an-
other explanation which Okazaki (1997) suggested was
radiative line forcing. Papaloizou & Savonije (2006)
then showed that for a free inner boundary, the m =
1 modes were prograde. The aforementioned works all
considered thin, two-dimensional disks. Ogilvie (2008)
showed that in fat disks (three-dimensional disks), pro-
grade m = 1 modes were possible for point mass stars
independent of the inner boundary condition. In our
work, self-excited, long-period, m = 1 modes appear
in self-gravitating, thick Kepler-like disks. Kepler-like
disks for M∗/Md > 5, and r−/r+ = 0.05 to 0.2 show
low-frequency, |ω1| ≪ Ω◦ m = 1 modes which can be ei-
ther prograde or retrograde depending upon the system.
At the lower end of the parameter range, m = 1 modes
are retrograde. For the higherM∗/Md end of the range,
m = 1 modes switch to prograde for small r−/r+, that
is, when self-gravity and pressure forces in the disk are
weaker, m = 1 modes may be prograde whereas when
the disk self-gravity and pressure forces are stronger,
m = 1 modes are retrograde. This suggests that for
large M∗/Md and small r−/r+, self-gravity dominates
pressure forces causing the m = 1 mode to be prograde.
For lowerM∗/Md, pressure forces dominate self-gravity
leading to retrograde m = 1 modes.
4.3 Excitation of Disk Modes
The excitation and growth ofm = 1 modes in star/disk
systems could couple the star and disk and drive other-
wise stable nonaxisymmetric modes in the disk unsta-
ble. To see this, recall how we incorporated the effects
of the indirect potential in our calculations (§3.1). We
considered the indirect potential as an expansion of the
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point mass potential where the position of the star was
treated as a perturbation in that the magnitude of the
perturbed stellar position, |δ∗|, was assumed to be much
smaller than the radius of the inner edge of the disk,
r−. In our first-order calculation, the orbiting star in-
teracted with the unperturbed disk and the perturbed
disk interacted with the unperturbed star. In this way,
we self-consistently followed linear growth of m = 1
disk modes. For disk modes with m ≥ 2, no coupling
occurs. However, once the m = 1 mode reaches nonlin-
ear amplitude, the indirect potential may then couple
strongly to stable disk modes and drive m ≥ 2 instabil-
ities in the disk. This could have implications for the
nature of the angular momentum transport that arises
from m = 1 modes. If high-m modes are driven, then
the induced transport in the disk may act as a local
transport rather than a global mechanism as would be
expected from our simulations. A similar problem has
been studied in the context of migration of planetary
cores in protoplanetary disks (e.g., see Papaloizou &
Terquem 2006).
Another mode of interaction between the star and
disk could come from coupling of internal stellar modes
and disk modes. Such interactions have not been stud-
ied except in a handful of investigations, and, even then,
the studies were in the context of star/disk coupling
which drove secular instability in the central star and
not instability in the surrounding disk. For example,
Imamura et al. (1995) considered the coupling of m ≥
2 f -modes in secularly unstable polytropic stars with
a surrounding disk to drive instability in the central
star (see also Yuan & Cassen 1985) and Lai (2001) con-
sidered coupling of m ≥ 2 f -modes in secularly unsta-
ble neutron stars and surrounding accretion disks to
drive instability in the neutron star. Imamura et al.
(1995) were interested in how rapidly rotating proto-
stars could shed angular momentum and how the inner
regions of protostellar disks were truncated while Lai
(2001) was interested in whether f -mode instabilities
could be driven in rapidly rotating neutron stars and
so limit the spin rate of milllisecond pulsars. In both
Imamura et al. and Lai, internal stellar modes were cal-
culated but the disk modes were not. It was assumed
the time-varying nonaxisymmetric gravitational poten-
tial arsing from the internal stellar modes drove spiral
waves in the disks. The coupling torque was based on
the approximation that the disk was thin and the cou-
pling arose from the excitation of spiral waves at the
the Lindblad and corotation resonances in the disk (see
Papaloizou & Terquem 2006).
More recently Lin, Krumholz and Kratter (2011)
modeled the collapse of an isothermal sphere of gas into
a star-disk system, and investigated the effect of m = 1
and m = 2 disk modes on the evolution of the stars spin
rate. In contrast to Lai and Imamura et al., it was the
disk modes that were calculated while the stellar modes
were not. Lin, Krumholz and Kratter found that the
m = 1 dominant disk drove orbital motion of the star’s
center of mass, inhibiting spin evolution, while the m =
2 dominant disk provided long-term gravitational spin-
down torques.
4.4 AB Aurigae and Protostellar Disks
AB Aurigae (AB Aur) is a well-observed Herbig-Haro
Ae star, massM∗ = 2.4 ± 0.2M⊙ and age 4.0 ± 0.1 My
(de Warf et al. 2003), surrounded by a large, circum-
stellar disk, mass estimated as Md = 0.02 to 0.1 M⊙
(Henning et al. 1998). Subaru (Takami et al. 2002) ob-
servations show that the disk in AB Aur has structure
from its inner regions < 22 astronomical units (A.U.)
(Hashimoto et al. 2011) to its outer regions 554 A.U.
(Fukugawa et al. 2004, Hashimoto et al. 2011) so that
the disk in AB Aur is wide r−/r+ < 0.04. The char-
acteristic time scale for the disk in AB Aur is τ◦ ∼
2πr/vorb(r) ∼ 103 (r/102A.U.)1.5(M∗/M⊙)−0.5 y under
the assumption the disk is in Keplerian motion. For the
inner disk region, τ◦ ∼ 600 y and for the outer disk re-
gion τ◦ ∼ 2,000 y. Although these characteristic times
are only a small fraction of the star formation time scale
and AB Aur’s estimated age, the times are not negli-
gible and features associated with them could plausi-
bly be observed. Consequently, features attributed to
physical processes that operate on disk dynamical time
scales, processes such as gravitational instability, could
play roles in the formation of the structure observed in
AB Aur. We consider this possibility here.
High-resolution observations of AB Aur have re-
vealed two elliptical rings with major axes ∼ 92
A.U.and 210 A.U., separated by an elliptical gap with
major axis 170 A.U. in AB Aur’s disk (Fukugawa et al.
2004, Hashimoto et al. 2011). The rings have small
eccentricity on the sky but are thought to be circular
in shape; the eccentricity arising from inclination of the
AB Aur system to the plane of the sky (Hashimoto et
al. 2011). The ring/gap structure is seen in optically
thick IR emission (Fukugawa et al. 2004) and optically
thin sub-millimeter emission (Henning et al. 1998) sug-
gesting that the features extend to the midplane of the
disk and are more than corrugations in the surface den-
sity. The polarimetric high-resolution images obtained
by the Subaru telescope have also revealed the pres-
ence of several dips in the intensity of the rings inter-
preted as spiral structures (Hashimoto et al. 2011).
Hashimoto et al. (2011) found seven narrow dips with
the most prominent, Dip A at ∼ 102 A.U.. Hashimoto
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et al. (2011) did not detect point-like structures in Dip
A, as would be expected if the gap was cleared by a
massive protoplanet (however, see Oppenheimer et al.
2008). Hashimoto et al. noted that the appearance of
the multi-armed spiral structure of AB Aur’s disk was
consistent with expectations of gravitational instability
(GI). However, they argued that GIs were not likely
to be the explanation for the structure because of the
large Toomre Q-parameter estimated for the disk, Q
∼ 10 (Pietu, Guilloteau, & Dutrey 2005). Other ex-
planations such as gaps cleared by massive planetary
cores (e.g., Papaloizou & Terquem 2006) and spiral pat-
terns excited by low-mass planetary cores (e.g., Tanaka,
Takeuchi, & Ward 2002) were proposed, but such sce-
narios may suffer from the lack of detected point-like
sources (especially in in Dip A).
Our simulations find disk systems withM∗/Md > 24
and small disk aspect ratios, r−/r+ < 0.1, are unstable
to low-m tightly wound spiral modes in disks with q ∼
2. Low m edge modes would appear to show multiple
dips when tightly wound. For an adiabatic disk with q
= 2, r−/r+ = 0.1, andM∗/Md = 25, the Toomre Q pa-
rameter Q > 10 everywhere in the disk. However, the
disk is unstable to tightly wound nonaxisymmetric in-
stabilities (E modes). See Figure 4 for the m = 2 mode.
The mode has eigenvalues (y1, y2) = (0.48,0.056) with
disk torques, Γg and ΓR, shown in Figure 24. It shows
a small inner bar, forward π/2 phase jump, followed by
trailing arms with very large winding number. At an
M∗/Md = 25 self gravity is a relatively small factor,
with the self-gravity parameter, p = 0.110.
AB Aur may be a transitional disk with the dust
distribution a vestige of the original gas disk structure.
5 SUMMARY
We studied the I, J, P, and edge modes of hot, isen-
tropic disks including self-gravity. We considered disk
material with polytropic index n = 1.5, and disks with
power law angular velocity distributions, exponents q
= 1.5, 1.75, and 2, star-to-disk mass ratios, M∗/Md =
0 to 103 (from purely self-gravitating to almost non-
self-gravitating), and inner-to-outer disk radii, r−/r+
= 0.05 to 0.75. The parameter space covers that occu-
pied by protoplanetary and protostellar disks.
We provide a brief summary of mode types, and then
discuss our findings. Broadly, our equilibrium models
had p & 7.5 for models identified as J modes, 3 . p .
7.5 for models identified as I modes and p . 3 for mod-
els identified with P and edge modes (the P/I threshold
being slightly higher for higher m). The I−/I+ bound-
ary, depending on q, m, is typically from r−/r+ of .5 to
.7, increasing with both parameters as well as M∗/Md.
J modes are strongly self-gravity driven, I modes are
driven by coupling of inertial waves and self-gravity,
while the P and edge modes are driven by coupling of
inertial waves across corotation. For the J , P and edge
modes, corotation was usually located at or around the
density maximum, while for the I+ (I-) modes corota-
tion was found exclusively well outside (inside) of den-
sity maximum. J modes had barlike perturbed density
eigenfunctions inside of the density max, and trailing
spiral arms outside. I modes had barlike perturbed den-
sity eigenfunctions inside and outside of r◦, coupled by
a trailing or leading spiral arm. P modes had bars near
the inner edge of the disk which switched to both short
and long trailing spiral arms outside of r◦. The insta-
bilites with a large number of windings are referred to
as edge modes.
We find that disks may be unstable to nonaxisym-
metric modes, however high the Toomre Q parameter
may be. For q = 2 disks which formally have Q = 0
disk systems are generally unstable dominated by m =
1 modes over most of parameter space. Multi-armed
modes, m ≥ 2 modes dominate only at large r−/r+
for given M∗/Md with only few exceptions. For small
M∗/Md and small r−/r+ I modes dominate giving way
to J modes at high r−/r+. At largeM∗/Md, I and then
P modes dominate. Similar behavior is found for q =
1.75 and 1.5 disks which can show Q > 2 everywhere.
We find, however, that the range over which m ≥ 2
modes dominate covers a larger portion of the parame-
ter space. For q = 1.5, the region stretches to r−/r+ ∼
0.1 for the disk mass range M∗/Md ≈ 1 to 20. For pro-
tostellar and protoplanetary disks with near Keplerian
rotation, disks with M∗/Md ≈ 1 to 20, multi-armed
modes, m = 2, 3, and 4 modes, dominate instability in
contrast to q ∼ 2 disks which are dominated by one-
armed modes.
The instability regimes of multi-armed modes in
disks track the strength of self-gravity as measured
by parameter p. The fastest growing instabilities,
the J modes, are in the upper left hand corner of
(r−/r+,M∗/Md) space where p is largest. Growth rates
decrease away from this corner, then increase and de-
crease forming a bulls eye pattern. Two stable re-
gions where y2 goes to 0 are found. There is a short
arc sweeping from r−/r+ ≈ 0.425, M∗/Md = 0.01 to
r−/r+ ≈ 0.475, M∗/Md = 0.05, and a long arc sweep-
ing through parameter space from 0.1 ≤ r−/r+ ≤ 0.20,
0.01 ≤ M∗/Md ≤ 0.1 to r−/r+ ≈ 0.70, 17.5 ≤ M∗/Md
= 50. The two arcs roughly follow p ≈ 7.5 and 3 break-
ing the parameter space into regions dominated by I
modes and P/edge modes, respectively. y1 changes dis-
continuously between mode types, while y2 changes in
a continuous manner.
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We modeled torques driven by the Reynolds stress
and gravitational stress that result from the develop-
ment of nonaxisymmetric instability into the nonlinear
regime using our linear eigenfunctions for comparison to
the early stages of numerical simulations. For Jeans-like
J modes, which dominate in the region of low star mass
to disk mass ratios, M∗/Md < 0.1-0.5, and wide disks,
r−/r+ > 0.6-0.7, the disk torque is driven by the gravi-
tational stress. For larger M∗/Md and smaller r−/r+ J
modes give way first to I modes, where disk self-gravity
and inertial effects are comparable with disk torques
driven by both the gravitational and Reynolds stresses,
and then to P and edge modes. These are dominated
by the effects of shear except for one-armed P modes,
where the star/disk coupling was sometimes dominant.
For P and edge modes, disk torques are driven by the
Reynolds stress except m = 1 P modes.
Although illustrative, our work is incomplete as we
did not investigate the saturation of the unstable modes
in the nonlinear regime. We are currently pursuing this
question through nonlinear simulations of unstable disk
systems which include thermal effects such as entropy
generation in shock waves and entropy loss through ra-
diative cooling.
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